
Gravity

Newton's Law of Universal Gravitation states that

every particle in the universe attracts every other particle with a force 
that is directly proportional to the product of their masses and inversely 
proportional to the square of the distance between them

If two uniform spheres or point particles have masses m1 and m2 and 

their centers of separated by a distance the magnitude of the 
gravitational force is

F = G m1 m2 / r2

where G is the gravitational constant which has been measured to be

G = 6.672 x 10-11 N m2/kg2

The gravitational forces are directed along the line connecting the centers 
of the two spheres. The gravitational force law, by the way, is the first of 
several inverse square laws that you will encounter in physics

We can write out this law in vector form. we define a unit vector r-hat12 

in the direction of the displacement vector r12 which is directed from m1 

to m2, then since the force on m2 due to m1 is directed towards m1

F21 = - (G m1 m2/r122)r-hat12

r12

r12

m1
m2

F21

Gravity Page 1



For an object of mass m located at or very near the surface of the earth, 
the magnitude of the gravitational force exerted on the object by the earth 
(that is, the weight of the object) is given by

F = G m Me/Re2

so

m g = G m Me/Re2

or

g = G Me/Re2

and your first homework problem is to look up Me and Re and show that 

this expression does give the correct value for g

This law is the force between two particles, but it obeys the principle of 
superposition, that is the forces add like vectors, so if two masses each 
exert forces on a third, the total force on the third is the vector sum of 
the individual forces exerted by the other two masses

Now we look at the case of the gravitational force between a point 
particle and an extended body. We consider the extended body to be a 
collection of particles and use integral calculus to do a vector sum

We do this by dividing the extended object into differential elements dM 
and summing the contributions of each element to the total force acting 
on the object.

F = - G m ∫dM/r2 r-hat
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 This is often hard to do so we will limit ourselves to simple geometry 
cases

The force between a bar and a particle - homogeneous bar of length L and 
mass M is a distance h from a particle of mass m

dx

h L

x

The segment of the bar with length dx has a mass dM.  Since the bar is 
homogeneous, the mass per unit length is constant.  Thus, the ratio of the 
masses dM/M is the same as the ratio of the lengths dx/L

dx/L = dM/M

dM = Mdx/L

F = - G m ∫dM/r2 r-hat

F = - G m ∫dM/r2 i

F = - G m ∫Mdx/L/r2 i

F = - GmM/L ∫hL+h (dx/x2) i

= - GmM/L (-1/x)|hL+h

= GmM/L (1/(L+h) - 1/h)

= G m M /L  [ h/(h*(L+h)) - (L+h)/((h*(L+h))]

= G m M /L [(h-(L+h))/((h*(L+h))]
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= G m M/h*(L+h)

The gravitational force is an example of an action at a distance force.  The 
two particles interact with each other even though they are not in contact 
with each other.  We may describe the gravitational interaction by 
introducing the concept of a gravitational field which exists at every 
point in space.  When a particle of mass m is placed at a point in space 
where the field has a value g the particle experiences a force F = mg. In 
other words the gravitational field at any point equals the gravitational 
force that a test mass experiences divided by that test mass

g = F/m 

Consider an object of mass m near the earth's surface at a distance from 
the center of the earth.  The gravitational force of the earth on the object 

has a magnitude  F = G m Me/Re2 and is directed towards the center of the 

earth.  The gravitational field is also directed towards the center of the 

earth and has a magnitude g = F/m =G Me/Re2. There are some restraints 

on this a) it is valid for only those r => Re  b) the earth is uniform (it's 

not) and c) the earth is not rotating (which it is).  All those are small 

corrections and when we stick in the values, you get g = 9.8 m/s2

Now previously we have discussed the notion of gravitational potential 
energy and have shown, for points near the surface of the earth: 

Ugravity = mgh

, where h is the height above the surface of the earth.  What if h is not 
near the surface, but some large distance above the surface?

Recall that the gravitational force on an object with mass m due to a 
second object of mass M located a distance r is given by

F = - G m ∫dM/r2 r-hat
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When r gets very large, the force becomes very small, which suggests 
defining the potential energy at infinite distance to be zero. As the 
particles move closer together, the gravitational force does work on them, 
increasing their kinetic energy and decreasing their potential energy, 
Since U =0 at infinity, U becomes negative as r decreases.

To find the gravitational potential energy, we use the fact that ∆U = U - 
Uo = -∫Fdr, since F = -Fr-hat, -Fdr = Fdr

∆U = U - Uo = -∫Fdr = ∫ ror1 G mM dr/r2

U(r) = - GmM/r  where U = 0 at r = oo

It is of some interest to look at the gravitational attraction of a sphere 
(on a point particle) and we will look at this attraction when we are both 
outside and inside the sphere..

We will first look at the case when the particle m is at a distance r 
outside a solid sphere of radius R and mass M.

We will consider the large mass to be constructed of a collections of thin 
spherical shells nested inside of each other and then calculate the 
attraction (actually the gravitational potential energy) these shells exert 
on m

The net gravitational force exerted by the shell on the particle m is the 
vector sum of all the forces exerted by all the particles in the shell and, 
as this is a vector sum, it is messy, which is why we are going to be 
calculating the potential energy, a nice scaler. If we wanted the 
gravitational force, we would take the derivative of the potential energy.

The net potential energy between the shell and the particle m is simply 
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the sum of all the individual potential energies between the particles in 
the shell and the particle m. We will divide the shell into small mass 
elements ∆Mi  and

U = (
−Gm∆Mi

rii
∑ )

where ri  is the distance between ∆Mi  and m. We will, of course, be letting 

∆Mi  --> 0.

Now it turns out that it is convenient to do this by cutting the shell into 
rings
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The ring shown is at a distance l from m and has a width Rdθ, a radius 
R  s inθ and a circumference of 2πR sin θ and, hence, a surface area of 

(circumference * width) = 2πR sin θ* Rdθ  = 2πR 2 sin θdθ.

The mass of the ring is proportional to the surface area and, since the 
total mass M is uniformly distributed over the total area of the shell 

(4πR 2), this proportionality yields

∆Mi = M
2πR2 sin d

4πR2 =
1
2

M sin d

which we shove back into our equation for the potential energy and take 
the integral

U = (
−Gm∆Mi

rii
∑ )

  --->
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U = −
GmM

2∫
sin d

l
which does not look nice at all.

Except, there is a relationship between R, r, l and θ known as the law of 
cosines

l 2 = R2 + r2 - 2 r R cos θ

r and R are constants and we differentiate the left with respect to l and 
the right with respect to q and get

2l dl = 2 r R sin θ d θ

or 

sin θ d q   =  dl
- - - - - - - -       - -
      l            rR

so our nasty old integral becomes

U = −
GmM

2∫
1
rR

dl = −
GmM
2rR

dl∫
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the largest value of l (over the width of the ring) is r + R and the smallest 
is r - R, so the value of the definite integral is

U = −
GmM

2rR
dl

r−R

r+R

∫ = −
GmM

2rR
[l]r− R

r+ R

U = −
GmM
2rR

2R = −
GmM

r
The rather remarkable conclusion is that the potential energy behaves 
exactly as if all the mass of the shell were at its center (and thus the 
force between the shell and the particle must also act as if all the mass 
were at the center.

A spherical mass distribution is nothing but a collection of shells and, 
since each shell acts as though its mass were at its center, the complete 
spherical mass distribution will at as though its mass were at the center. 
This is true even if the mass distribution is some function of the radius, 
as in the case of the Earth where the core is much denser than the surface.

We now will look at two further cases

a) inside a single shell

b) inside a solid sphere (a collection of shells)

a) here we have a situation like this
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The calculation is exactly like the one we have just done, except that the 
largest value of l is R+r and the smallest R-r

U = −
GmM
2rR

[l]R−r
R+r = −

GmM
2rR

2r = −
GmM

R
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The potential energy inside the shell is INDEPENDENT of the position of the 
particle inside the shell.

THEREFORE INSIDE THE SHELL THERE IS NO GRAVITATIONAL FORCE

That's if we are inside a single shell, what about case b) where we are 
inside a solid sphere (a nest of shells). Here it actually is easier to 
calculate the force making use of the facts that

a) for the shell(s) outside the particle, Fgravity = 0 as we have just 

shown.

b) for shells small than r, the location of the particle,

Fgravity = GmM(inside)/r2

what mass is inside the shells smaller than the distance between the 
particle and the center - it is proportional to the volume inside/total 
volume

M(inside)
M(total)

= V(inside)
V(total)

=

4πr3

3
4πR3

3

M(inside) = M
r3

R3

which leads to another remarkable result

F =
Gm

r 2

Mr3

R3 =
GmM

R3 r
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The force is 0 at the center and increases in direct proportion to the 
radius. When the particle reaches the surface, the force decreases as 

1/r2, just like we knew it would
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Homework

1. look up values of Me and Re and show that G m Me/Re2  = 9.8 m/s2

2. Find the integral for the potential energy and show that when ro = Re 

and r1 = Re  + h, U = mgh when h is small compared to Re
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