Linear Equations
in Linear Algebra

1.1 SOLUTIONS

Neotes: The key exercises are 7 (or 11 or 12), 19-22, and 25. For brevity, the symbols Ri, R2,..., stand for
row 1 (or equation 1), row 2 (or equation 2}, and so on. Additional notes are at the end of the section.

X+ =7 f_ 15 7
D2k -Txym=5 0 | -2 -7 =5

, X +5x, =7 15 7
Replace R2 by R2 + (2)R1 and obtain:
3x, =9 03 9
X +5x, =7 15 7
Scale R2 by 1/3:
Xy =3 0 1 3
Replace R1 by R1 + (~=5)R2 oo =8 bo -8
epiace - .
P 4 n=3 [0 1 3

The solution is (x;, x;) = (-8, 3), or simply (-8, 3).

, 23 tdxn =4 2 4 -4
C Sx 4 Tx, = 11 5 7 11

, X+ 23, = =2 o2 -2
Scale R1 by 1/2 and obtain:
56,4+ 7x, =11 5 7 11
Replace R2 by R2 + (-5)R1 itdn=-2 12 2]
eplace A :
P Y an=21 (0 -3 21
| X, + 2%, =2 o2 *2?
Scale R2 by ~1/3: |
x, ==7 0 1 -7
Replace R1 by R1 + (-2)R2 oo =0 Loo12]
Cpiace + : H
P Y n=-7 |0 1 -7

The solution is (x;, x2) = (12, ~7), or simply (12, ~7).
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3. The point of intersection satisfies the system of two linear equations:
X +5x, =7 15 ”ﬂl
q-26=-2 |1 -2 -2

o
%

_ ) 4 45x,= 7 s 7
Replace R2 by R2 + (~1)R1 and obtain: -
place R2byR2=(-1) ¢ T =-9 0 -7 ~9J
X +5x,= 7 1 5 77
Scale R2 by -1/7: T ol
x, =9/7 01 977
Replace R1 by R1 +(_5)R2 x5 = 4/7 10 47 .
ace +{— : i i
P i’ %=9%7 o 1 97
The point of intersection is (x;, x,) = (4/7, 9/7).
4. The point of intersection satisfies the system of two linear equations: :
X - Sxy =1 { =5 1]
3x, ~Tx, =5 3 -7 5] .
X ~5x, =1 15 i i
Replace R2 by R2 + (~3)R1 and obtain: 1 N E
P yR2*() 1 8,=2 |0 8 :J :
) X =5, = | 1 -5 I
Scale R2 by 1/8: ) ;
x, =1/4 0 1 /4 3
Replace R1 by R1 + (5)R2 i =9/ [1 0 94
eplace :
place Ry n=l4 0 1 4

The point of intersection is (x;, x») = (9/4, 1/4).

5. The system is already in “triangular” form. The fourth equation is x, = -5, and the other equations.do not
contain the variable x;. The next two steps should be 1o use the variabie x3 in the third equation to
eliminate that variable from the first two equations. In matrix notation, that means to replace R2 by its
sum with 3 times R3, and then replace R1 by its sum with —5 times R3. .

R

6. One more step will put the system in triangular form. Replace R4 by its sum with -3 times R3, which
-6 4 0 -1
0 2 -7 0 4] i
produces ! 0 [ 2 3 .. After that, the next step is to scale the fourth row by ~1/5. .
|

|
0 0 0 -5 15|

L.

7. Ordinarily, the next step would be to interchange R3 and R4, to put a | in the third row and third column.
But in this case, the third row of the augmented matrix corresponds to the equation Ox; +0xp+ 05 =1,
or simply, 0 = 1. A system containing this condition has no solution. Further row operations are’
ummecessary once an equation such as 0 = | is evident.

The solution set is empty.
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8. The standard row operations are:

10.

11

12.

(1@907{1%90;[1—40071{;000]
017 oi~§0 17 o' 0 10 0j~10 1 0 0
0 020 [0 o Lo 0 10/ 001 0

The solution set contains one solution: (O 0, 0}

. The system has already been reduced to triangular form. Begin by scaling the fourth row by 1/2 and then

replacing R3 by R3 + (3)R4:

-1 0 0 47 [1 -1 o0 omﬂ 1 -1 0 0 —4]
lo 130 -7 J0 1 -3 0 70 & =30 -7
00 1 =3 -1/j0 0 1 -3 -1/ /0 0 10 5
LG 0 0 2 4 Lo 0 0o 1 2000 o o 1 zJ

Next, replace R2 by R2 + (3)R3. Finally, replace R1 by R1 + R2:

{1—100%«4’100041
0 1 0 0 80 1 0 0 8
~I09105~[00105
LOOOIZJOOOle

The solution set contains one solution: (4, 8, 5, 2).

The system has already been reduced to triangular form. Use the 1 in the fourth row to change the
~4 and 3 above it to zeros. That is, replace R2 by R2 + (4)R4 and replace R1 by RI + (-3)R4. For the
final step, replace R1 by R1 + (2)R2.

1 =2 0 3 =217t =20 06 7771 0 0 0 -3
030—47}0100—5]0100—5
00106~l{}0106’~00106
0 00 1 -3 [0 00 1 -3 1000 1 -3

The solution set contains one solution: (~3,-5, 6, -3).

First, swap R1 and R2. Then replace R3 by R3 + (~-3)R1. Finally, replace R3 by R3 + (2)R2.
014—5]‘”135_2‘1(1 3 5m27{135—2“§
1 3 5 -2~ =S|~/10 1 4 -3
37 7 6] (37 7 6JL}«~2—8 12, 0 0 0 2]
The system is inconsistent, because the last row would require that 0 = 2 if there were a solution.
The solution set is empty.

Replace R2 by R2 + (-3)R1 and replace R3 by R3 + (4)R 1. Finally, replace R3 by R3 + (3)R2.
{1—3 4—4"%{1—3 4—4“1(1~» 4 -4
37 7 Bl-0 2 5 40 2 =S 4!
4 6 -l ?ji}}wﬁ 5 —9_!Lo 0 0 3]
The system is inconsistent, because the last row would require that 0 = 3 if there were a solution.
The solution set is empty.
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Lo =3 8710 -3 8110 =3 8][1 0 -3 8]
3.2 2 9 7/~10 2 15 -9~0 1 5 —2_!~;o 15 -2
0 1 5 =20 1 5 -2/ 0 2 15 —éj 00 s —SJ

(1 0 -3 8, (1 0 0 3
wjo I 5 -2{~10 1 0 3|.Thesolutionis (5,3, ~1).

0 0 -1, 10 0 1 -1
{1—3051(1~3051i”1—305”‘g;“1_»~3051§
i P : i i

=1 1 5 2~0 =25 7~/0 1 1 o|~,o 1 Oj
Pl :
LGIEGjiO 10Jf»0w257_§£‘0 0 7 7]

=3 0 s i’l =30 501 06 0 21

~t0 11 0!»»{0 I 0 -1!~I{) I 0 -1{ Thesolutionis(2, -1, 1).
E i
o0 o 1 1l lo o1 1 oo | 1]

I3, First, replace R4 by R4 + (-3)R1, then replace R3 by R3 + (2)R2, and finally replace R4 by R4 + (3)R3.

5‘1 03 o0 201 0o 3 o 2]
E 0 -3 3]Mo 10 -3 3
0 302 170 2 3 2 g
3 0 7 =5/ 10 0 -9 7 wnJ

i

2

0
Iﬁo 300 2“;(103 0 2“i
01 0 -3 3~§!010-3 3
00 3 4 7,00 0 3 -4 7]

000 9 7 -11] 0 0 0 -5 10]

The resulting triangular system indicates that a solution exists. In fact, using the argument from Example 2
one can see that the solution is unique.

-y

16. Firstreplace R4 by R4 + (2)R1 and replace R4 by R4 + (~3/2)R2. (One could also scale R2 before
adding to R4, but the arithmetic is rather easy keeping R2 unchanged.) Finally, replace R4 by R4 + R3.
Fl 0 -2 =31 71 0 0 -2 -3
2 0 ol g 0
310
5| o

0 -2 JH
!
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io
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L

by O

20 0

|
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The system is now in triangular form and has a solution. The next section discusses how to continue with
this tvpe of system,



17.

18.

19.

26,

21,

22,

23.

24.
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Row reduce the augmented matrix corresponding to the given system of three equations:
Fro~ a1 -4 1)l -4 1]
2 - 300 7 sl~0 7 s
-1 -3 4] 0 -7 5/ 0 0 o0

The system is consistent, and using the argument from Example 2, there is only one solution. So the three
lines have only one point in common.

Row reduce the augmented matrix corresponding to the given system of three equations:

12 14 712 1 4712 1 4]

| .
0 1 =1 ~l€} 1 -1 li~i0 1 -1 ll

13 0 0] 0 1 -1 -4/ 0 0 0 -5
The third equation, 0 = -5, shows that the system is inconsistent, so the three planes have no point in
Common.

1ok 4} 1 h 4 . L
P~ Write ¢ for 6 — 3A. If ¢ = 0, that is, if # = 2, then the system has no
3 6 8] |0 6-3h 4 '

solution, because 0 cannot equal —4. Otherwise, when 4 s 2, the system has a solution.

~ oy

I & =3] 1 h -3
~ . Write ¢ for 4 + 2A. Then the second equation cx; = 0 has a solution
~2 4 6] |0 4+2h O

for every value of ¢. So the system is consistent for all 4.

13 =27 [t 3 -2
4 b s ~ 0 h+12 0 Write ¢ for # + 12. Then the second equation cx; = 0 has a solution

for every value of ¢. So the system is consistent for all /.

2 =3 R[22 30k
% 9 sl ~ [0 0 54 3}?“. The system is consistent if and only if § + 34 =0, that is, if and only
if h=-5/3.

a. True. See the remarks following the box titled Elementary Row Operations.
b. False. A 5 = 6 matrix has five rows.

c. False. The description given applied to a single solution. The solution sef consists of all possible
solutions. Only in special cases does the solution set consist of exactly one solution. Mark a statement
True only if the statement is alwavs true.

d. True. See the box before Example 2.

a. True. See the box preceding the subsection titled Existence and Uniqueness Questions.

b. False. The definition of row equivalent requires that there exist a sequence of row operations that
transforms one matrix into the other,

¢. False. By definition, an inconsistent system has »o solution.
d. True. This definition of equivalent systems is in the second paragraph after equation (2).
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25

26.

27

28.

29
30.
31.
32
33.

R A = g |1 -4 7 g ]
0 3 -5 h!~j{3 3 -5 b -0 3 =5 oo
-2 5 -9 k_if 0 =3 5 k+2g| [0 0 0 k+2g+hf

Let b denote the number k + 2g + A. Then the third equation represented by the augmented matrix above
is 0= b. This equation is possible if and only if 4 is zero. So the original system has a solution if and only
itk+2g+h=0,

A basic principle of this section is that row operations do not affect the solution set of a linear system.
Begin with a simple augmented matrix for which the solution is obviously (-2, 1, 0}, and then perform
any elementary row operations to produce other augmented matrices. Here are three examples. The fact
that they are all row equivalent proves that they all have the solution set (-2, 1, 0).

[t 0 0 -2] !“100-—2] [t o0 o -2]
(0 1 0 1!~f2 L0 =3/~2 1 0 -3
10010}@0}0@014

Study the augmented matrix for the given system, replacing R2 by R2 + (—¢)R1:
13 of] 3 S
c d gJ I_O d -3¢ g—ch

This shows that shows d — 3¢ must be nonzero, since f'and g are arbitrary. Otherwise, for some choices
of fand g the second row would correspond to an equation of the form 0 = b, where b is nonzero.
Thus d # 3c.

Row reduce the augmented matrix for the given system. Scale the first row by 1/a, which is possible
since a is nonzero. Then replace R2 by R2 + (~c)R1.

a b fJi bia f/al}rf bla fla
¢c d gl le d g | |0 decbla) g-—c(ff’a)J

The quantity  ~ c(b/a) must be nonzero, in order for the system to be consistent when the quantity
g —¢( f/a)} is nonzero (which can certainly happen). The condition that o — c(b/a) # (0 can also be written
as ad — bc # 0, or ad # bc.

Swap R1 and R2; swap R1 and R2.

Multiply R2 by -1/2; multiply R2 by 2.

Replace R3 by R3 + (-4)R1; replace R3 by R3 + (4)R1.
Replace R3 by R3 + (3)R2; replace R3 by R3 + {(-3)R2.

The first equation was given. The others are:
I =(T+20+40+T/4, or 47, T, =T, =60
L=(T,+7,+40+30)/4, or 4, -7, -, =70
L=(0+7+T,+301/4, or 4T, -7, ~T,=40

FUBBS RPN b 5, € e A
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Rearranging,
a - 1, - T o= 30
~I + 47, - T = 60
-, + 45 - T, = 70
T, - T, 4 4T, = 40

34. Begin by interchanging R1 and R4, then create zeros in the first column:
4 -1 0 -1 30 ;H 0 -1 4 40? -1 0 -1 4 40]
-1 4 -1 0 .6()gwiw~l 4 -1 @ 60%@ 0 4 0 -4 20;E
0 -1 4 -1 70| 0 -1 4 -1 70{ ¢ ~1 4 -1 '?O§
twl 0 -1 4 40J 4 -1 0 -1 30] {0 -1 -4 15 190
Scale R1 by —1 and R2 by 1/4, create zeros in the second column, and replace R4 by R4 + R3:
”101-4-40]{;014—401014—40
L N 5010 1 0 -1 5]010—15
o -1 4 -1 7077000 4 -2 757100 4 2 75

LO 0o -4 14 195J 0 0 0 12 270

0 -1 4 15 190

L |
Scale R4 by 1/12, use R4 to create zeros in column 4, and then scale R3 by 1/4:
10 1 4 —40} 1 0 1 0 50 1 0 1 0 50}

0 1 0 -1 5000 1 0 0 275 0 1 0 0 275
0 0 4 =2 751 (0 0 4 0 1200 1o 0 1 O 30
0 0 0 1 225{ /0 0 0 1 225: 0 0 0 1 225

The last step is to replace R1 by R1 + {(-1)R3:
1 0 0 0 2{).(}]

0 1 0 0 27.5; o
~ I, The solution is {20, 27.5, 30, 22.3).
0 0 1t 0 360
0 0 0 1 225

*

Notes: The Study Guide includes a “Mathematical Note” about statements, “If ... , then ... .

This early in the course, students typicaily use single row operations to reduce a matrix. As a result, even
the small grid for Exercise 34 leads to about 25 multiplications or additions (not counting operations with
zero). This exercise should give students an appreciation for matrix programs such as MATLAR. Exercise 14
in Section 1.10 returns to this problem and states the solution in case students have not already solved the
system of equations. Exercise 31 in Section 2.5 uses this same type of problem in connection with an LU
factorization. .

For instructors who wish to use technology in the course, the Study Guide provides boxed MATLAB
notes at the ends of many sections. Parallel notes for Maple, Mathematica, and the TI-83+/86/89 and HP-48G
calculators appear in separate appendices at the end of the Stwdy Guide. The MATLAB box for Section 1.1
describes how to access the data that is available for all numerical exercises in the text. This feature has the
ability to save students time if they regularly have their matrix program at hand when studying linear algebra.
The MATLAB box also explains the basic commands replace, swap, and acale. These commands are
included in the text data sets, available from the text web site, www laylinalgebra.com.




