62 CHAPTER! -« Linear Equations in Linear Algebra

1.9 SOLUTIONS

Notes: This section is optional if you plan to treat linear transformations only lightly, but many instructors
will want to cover at least Theorem 10 and a few geometric examples. Exercises 15 and 16 illustrate a fast
way to solve Exercises 17-22 without explicitly computing the images of the standard basis.

The purpose of introducing one-fo-one and onto is to prepare for the term isomorphism (in Section 4.4)
and to acquaint math majors with these terms, Mastery of these concepts would reguire a substantial
digression, and some instructors prefer to omit these topics (and Exercises 25-40). In this case, you can use
the result of Exercise 31 in Section 1.8 to show that the coordinate mapping from a vector space onto R” (in
Section 4.4) preserves linear independence and dependence of sets of vectors. (See Example 6 in Section 4.4.)
The notions of one-to-one and onto appear in the Invertible Matrix Theorem (Section 2.3), but ¢an be omitted
there if desired

Exercises 25-28 and 31-36 offer fairly easy writing practice. Exercises 31, 32, and 35 provide important
links to earlier material.
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7. Follow what happens to e, and e.. Since e, is on the unit
circle in the plane, it rotates through —37/4 radians into a

point on the unit circle that lies in the third quadrant and
on the line x, =x, (thatis, y=x in more familiar notation).

The point {~1,~1} is on the ine x, = xy, but its distance
from the origin is V2. So the rotational image of e; is
(wif«f{m?j,flwi} - Then this image reflects in the horizontal
axis to { ~1 er‘, I f"v’ff) .

Similarly, e, rotates into 4 point on the unit circle that lies in
the second quadrant and on the line x, = x,, namely,
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(-1 NI :’\XS) . Then this image reflects in the horizontal
axis o (~~1f\/§,1f’v§).

When the two calculations described above are written in vertical vector notation, the transformation’s
standard matrix [T(e,) 7{(e.)] is easily seen:
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. The horizontal shear maps e, into e;, and then the reflection in the line x; = —x; maps e, into ~e,.

(See Table 1.) The horizontal shear maps e; mio - into e; — 2e,. To find the image of e, — 2e, when it is
reflected in the line x» = —x,, use the fact that such a reflection is a linear transformation, So, the image of
e; — 2¢, is the same linear combination of the images of e, and e;, namely, —e, — 2(~ey) = -, + 2e,.
To summarize,
-1

e e ~>~e, and e, >e,—2e ——¢ +2e,, 50 A:[ L |

- A
To find the image of e, — 2e; when it is reflected through the vertical axis use the fact that such a
reflection is a linear transformation. So, the image of e; — 2e, is the same linear combination of the
images of e; and e, namely, e; + 2e,.
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The transformation 7 described maps ¢ —>e, ——e, and maps e, ——e, -» —¢,. A rofation through

7 radians also maps e, into e, and maps e, into .. Since a linear transformation is completely
determined by what it does to the columns of the identity matrix, the rotation transformation has the

. a
same effect as 7" on every vector in R”,

The transformation 7 in Exercise 8 maps € ~>e, — e, and maps e, — —e, — —e,. A rotation about the
origin through 7 /2 radians also maps e, into ¢, and maps e, into —e,. Since a linear transformation is
completely determined by what it does to the columns of the identity matrix, the rotation transformation

has the same effect as 7 on every vector in R,

Since (2, 1) = 2e, + ¢, the image of (2, 1) under Tis 27(e)) + 7{e;), by linearity of 7. On the figure in the
exercise, locate 27(e;) and use it with 7{e,) to form the parallelogram shown below,
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Since T{x}=Ax ={a; az]x =x;a; + x:8; = —a; + 339, when x = (-1, 3), the image of x is located by
forming the parallelogram shown below,
Xa

=43

30 =2 x| 3y -2x -'
By inspection, |4 0 O5ix, |= 4x, E
1~ Ly Lx; - Xy +x3J

[ T § PR A
=| =2x + 1,

By inspection, | -2 1
I 0~ | xy

To express 7(x} as Ax , write T{x) and x as column vectors, and then fill in the entries in 4 by inspection,
as done in Exercises 15 and 16. Note that since 7(x) and x have four entries, 4 must be a 4x4 matrix.

T oo ] Tx] [0 0 0 0lfx]
X, X, X, I 1 0 0fx,
A _ 2

Txy=1" 1= :

x2+x3l | [l oy 0110 xsi.
Ly [ _”j% me 0 1 1ix|

As in Exercise 17, write 7(x) and x as column vectors. Since x has 2 entries, 4 has 2 columns. Since 7(x)
has 4 entries, A has 4 rows.
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?x;+.r2 ! [ T‘xq 11 x ] (3 _
fixy= =l 4 4 mI il [ To solve T{x) = i, row reduce the augmented matrix:
laxrse |77 e]7le )] s,
(11 3 j; to3 o 7 7
ad ~ , X =
4 5 5701 4Tl @ —4J =
IR : 7 I I MU B B P -1
| | x l i | F i
T(x}= ! —x; +3x, ==f A f J=f -1 B{L ‘ |- Tosolve T{x) = 41, row reduce the augmented
am2e] | [l o) o)
matrx :
F1 -2 -1 71 =2 -1 F -2 —1] w o 3] .
J—] 304l-jo 3l~o 1o3~0 @ ,x=!'3}.
13 =2 950 412,00 0 o 0 0 o -

a. True. See Theorem 10.

b. True. See Example 3.

¢. False. See the paragraph before Table 1.

d. False. See the definition of onro. Any function from R” to R™ maps each vector onto another vector.
e

. False. See Example 5.

. False. See the paragraph preceding Example 2.

. True. See Table 1.
- False. See the definition of one-to-one. Any function from R” to R” maps a vector onto a single
(unique) vector.
e. True. See the solution of Example 5.

a
b. True. See Theorem 10.
¢
d

Three row interchanges on the standard matrix A of the transformation 7 in Exercise 17 produce
10 o

oo . y .
0 0@ | J This matrix shows that 4 has only three pivot positions, so the equation Ax = 0 has a
E i
0 0 0 0

nontrivial solution. By Theorem 11, the transformation 7 is not one-to-one. Also, since A does not have a
pivot in each row, the columns of 4 do not span R*. By Theorem 12, 7' does nor map R* onto R,

The standard matrix A4 of the transformation 7 in Exercise 2 is 2x3. Its columns are linearly dependent
because 4 has more columns than rows. So T is not one-to-one, by Theorem 12. Also, A is row

_ {4 -5 . 2 3
equivalent to J 0 CT5 §9J . which shows that the rows of 4 span R™. By Theorem 12, 7 maps R
onto R,

: . . D -5 4]
The standard matrix 4 of the transformation 7 in Exercise 19 is | A~ . The columns of 4 are
[0 @ -6

linearly dependent because 4 has more columns than rows, So T is not one-to-one, by Theorem 12. Also,
A has a pivot in each row, so the rows of 4 span R”. By Theorem 12, 7 maps R’ onto R®.
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The standard matrix 4 of the transformation 7 in Exercise 14 has linearly independent columns, because
the figure in that exercise shows that a, and a, are not multiples. So T is one-to-one, by Theorem 12.
Also, 4 must have a pivot in each column because the equation Ax = 0 has no free variables. Thus, the
{_a *_é . o
echelon form of 4 is i_‘) J Since 4 has a pivot in each row, the columns of 4 span R”. So 7 maps R*
n

onto R’. An alternate argument for the second part is to observe directly from the figure in Exercise 14
that a; and a, span R”. This is more or less evident, based on experience with grids such as those in
Figure 8 and Exercise 7 of Section 1.3.

By Theorem 12, the columns of the standard matrix 4 must be linearly independent and hence the
I' . * *']

0 m *
equation Ax = 0 has no free variables. So each column of 4 must be a pivot column: A ~’

-

Note that 7' cannot be onto because of the shape of 4.

By Theorem 12, the columns of the standard matrix 4 must span R?, By Theorem 4, the matrix must

have a pivot in each row. There are four possibilities for the echelon form:
r' * o *"‘E ‘g * = % 'm *» = *’f f’g - * *1
io m *f!o  x *!,0 0 4*'0 0 W *|
0 0 @ * [0 0 0 @ |00 0 m 00 0 :J

Note that 7 cannot be one-to-one because of the shape of A.

“T'is one-to-one if and only if 4 has » pivot columns.” By Theorem 12(b), T is one-to-one if and only if
the columns of 4 are linearly independent. And from the statement in Exercise 30 in Section 1.7, the
columns of 4 are linearly independent if and only if 4 has » pivot columns.

The transformation 7'maps R” onto R” if and only if the columns of A span R”, by Theorem 12. This
happens if and only if 4 has a pivot position in each row, by Theorem 4 in Section 1.4. Since A has

m rows, this happens if and only if 4 has m pivot columns. Thus, “7 maps R” onto R” if and only 4 has
m pivot columns.”

Define 7:R" -—» R" by 7(x) = Bx for some m xn matrix 8, and let 4 be the standard matrix for 7.
By definition, 4 = [T(e;) --- T{e,}], where ¢ is the jth column of 7,. However, by matrix-vector
multiplication, 7{e,) = Be; = by, the jth column of B. So 4 =[b, --- b,]=B.

The transformation 7 maps R” onto R” if and only if for each y in R” there exists an x in R” such that
v =T(x).

S T:R" - R" maps B onto R" | then its standard matrix 4 has a pivot in each row, by Theorem 12

and by Theorem 4 in Section 1.4. So 4 must have at least as many columns as rows. That is, m < . When
7'is one-to-one, 4 must have a pivot in each column, by Theorem 12, 5o m > .

Take uw and v in R” and let ¢ and d be scalars. Then
T(S(ca + dv)) = Tlc-Sa) + d-S(v)) because S is tinear
= ¢ T(Su)) + - T(S(v)) because T is linear
This calculation shows that the mapping x ~» 7(S(x)} is linear. See equation (4) in Section 1.8,
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-5 10 -5 4] [1 0 0 44/35 0 0 12571
|8 3 -4 7 0 1 0 79/35] 0 22571 .

IM] | ‘~---~l 3 |0 @ . There 1s no pivot in the
4 9 s 3 7 Tlo 0 1 863510 0 D 24571
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fourth column of the standard matrix 4, so the equation Ax = @ has a nontrivial solution. By Theorem 11,
the transformation T is nof one-to-one. (For a shorter argument, use the result of Exercise 31 )

Fr7 5 4 -9 ‘o o 7 J
10 6 16 4 l 0 -9 0 o .
[M] e © . No. There is no pivot in the third column of the
12 8 12 7 0o 0o o
-8 -6 -2 5 LO 0 0 0]

standard matrix 4, so the equation 4x = 0 has a nontrivial solution. By Theorem 11, the transformation 7
is not one-to-one. (For a shorter argument, use the result of Exercise 31 J

4 -7 3 7 5] @ o o 5 0]
6 -8 S5 12 -8 o M o 1.0
M -7 10 -8 -9 14{~..~| 0 0O @ —2  0]. There is not a pivot in every row, so
3 -5 4 2 -6 6 0 0 0 (I
-5 6 -6 -7 3] 0 0 0 0 0

the columns of the standard matrix do not span R By Theorem 12, the transformation T does not map
R’ onto R’.

9 1305 6 1] T 6 o0 0 s
14 15 -7 -6 4 0o @O 0 o -4
M] -8 -9 12 -5 9/~~ 0 0 (O 0 0] Thereis not a pivot in every row, so
-5 6 -8 9 8 0o 0o o @ 1
13 14 15 2 11 0 0 0 0 0

the columns of the standard matrix do not span R’. By Theorem 12, the transformation 7 does not tnap
R’ onto R®.



