Matrix
Algebra

2.1 SOLUTIONS

Notes: The definition here of a matrix product AB gives the proper view of AR for nearly all matrix
calculations. (The dual fact about the rows of 4 and the rows of 48 is seldom needed. mainly because vectors
here are usually written as columns.) 1 assign Exercise 13 and most of Exercises 17-22 to reinforce the
definition of 4B,

Exercises 23 and 24 are used in the proof of the Invertible Matrix Theorem, in Section 2.3. Exercises
23-25 are mentioned in a footnote in Section 2.2, A class discussion of the solutions of Exercises 23-25 can
provide a transition to Section 2.2. Or, these exercises could be assigned after starting Section 2.2.

Exercises 27 and 28 are optional, but they are mentioned in Example 4 of Section 2.4. Outer products also
appear 1n Exercises 31-34 of Section 4.6 and in the spectral decomposition of a symmetric matrix, in Section 7.1.
Exercises 29-33 provide good training for mathematics majors.
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The product AC is not defined because the number of columns of 4 does not match the number of rows
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= i =) =l I, For mental computation, the
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row-column rule is probably easier to use than the definition.
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The expression 3C — E is not defined because 3C has 2 columns and —£ has only | column.
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The product £8 is not defined because the number of columns of £ does not match the number of rows
of R.
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. Since 4 has 3 columns, B must match with 3 rows. Otherwise, 48 is undefined. Since 48 has 7 columns,

so does B, Thus, £ is 3x7,

. The number of rows of B matches the number of rows of BC, so B has 3 rows.

2 54 57 723 -10+s4T f4 -5t 2 37 23 15 ]
- AB= I = . while B4 = i =
=313 k] [-9 15+ | 30 kg-3 1 63k 154k
Then 4B = BA ifand only if -10+ 5k = |5 and -9 = 6 — 3k, which happens if and only if k= 5.
2 38 4] -7 2 =30 =27 T -7
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—4 6~§L5 51 L—Z 14_Js L%4 64‘L3 IJ ;:*2 §4_J
1ot 12 0 o] ,?2 3 5!
AD=/1 2 0 3 0!"‘“"}2 6 15
Qo4 500 0 51 2 12 25
{2 o offt 1 o172 2 2'!}
DA=|0 3 I 2 3/=3 6 9;
0 0 st 4 s |5 20 25

Right-multiplication (that is, multiplication on the right) by the diagonal matrix D multiplies each column
of 4 by the corresponding diagonal entry of D. Left-multiplication by D multiplies each row of A by the
corresponding diagonali entry of D. To make 45 = B4, one can take B to be a multiple of /5. For instance,
if 8 = 415, then AB and BA are both the same ag 44,

Consider B = [b; b,]. To make 4B = (), one needs 4b, = 0 and Ab: = 0. By inspection of 4, a suitable

a8 ""E . .
b; is i ! . Or any multiple of | 21. Example: Bmf 2 61.
1 1] ]

Use the definition of AB written in reverse order: [4by - Ab,]=A4]b;, - b,L Thus
[ori - Or,]=0OR whenR=[r, --. r.l.

By definition, UQ = Ulq; --- qi]={lyq, --- Uq4]. From Example 6 of Section 1.8, the vector

Ug, lists the total costs (material, labor, and overhead) corresponding to the amounts of products B and
C specified in the vector g;. That is, the first column of UQ lists the total costs for materials, labor, and
overhead used to manufacture products B and C during the first quarter of the year. Columns 2. 3,

and 4 of UQ list the total amounts spent to manufacture B and C during the 2, 3%, and 4" quarters,

respectively.

False. See the definition of 45. ]

b. False: The roles of 4 and B shouid be reversed in the second half of the statement. See the box after
Example 3.

¢. True. See Theorem 2(b), read right to left.

d. True. See Theorem 3(b), read right to left.
e. False. The phrase “in the same order” should be “in the reverse order.” See the box after Theorem 3,

P

a. False. 4B must be a 3%3 matrix, but the formula for 48 implies that it is 3x1. The plus signs should
be just spaces (between columns). This is a common mistake.

b. True. See the box aﬁ_ei‘ Example 6.
¢. False. The left-to-right order of B and C cannot be changed, in general.
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d. False. See Theorem 3(d).
e. True. This general statement follows from Theorem 3(b).

-1 2 -l
17. Since | 6 o 3} AB=[d4b, b, Ab;], the first column of B satisfies the equation
. -
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-2 20 0 -8 =i
{4 Abd»{ ;ﬁj andby= | _|.
=2 5 9 {0t =5 L5

Note: An alternative solution of Exercise 17 is to row reduce [4 Ab; Ab;] with one sequence of row
operations. This observation can prepare the way for the inversion algorithm in Section 2.2,

18. The first two columns of 48 are 4b; and 4b,. They are equal since b, and b, are equal.

19. (A solution is in the text). Write 8 =[b, b; b.]. By definition, the third column of A8 is 4b;. By
hypothesis, by = b; + b,. So 4b; = A(b; + b,) = 4b, + Ah,, by a property of matrix-vector multiplication.
Thus, the third column of A is the sum of the first two columns of AB.

20. The second column of AB is also all zeros because 4b, = 40 = Q.

21. Let b, be the last column of B. By hypothesis, the last column of 4B is zero. Thus, 4b, = 0. However,
b, is not the zero vector, because B has no column of zeros. Thus, the equation Ab, = 0 is a linear
dependence relation among the columns of 4, and so the columns of 4 are linearly dependent.

Note: The text answer for Exercise 21 is, “The columns of 4 are linearly dependent. Why?” The Study Guide
supplies the argument above, in case a student needs help.

22. If the columns of B are linearly dependent, then there exists a nonzero vector x such that Bx = 0. From
this, A(Bx) = 40 and (4B)x = § (by associativity). Since X is nonzero, the columns of A8 must be linearly
dependent.

23, If x satisfies Ax = @, then C4x = C0 = 0 and so /,x = 8 and x = 0. This shows that the equation Ax =0
has no free variables. So every variable is a basic variable and every column of 4 is a pivot column.
{A varnation of this argument could be made using linear independence and Exercise 30 in Section 1.7.)
Since each pivot is in a different row, 4 must have at least as many rows as columns.

24. Take any b in R". By hypothesis, ADb = [,b = . Rewrite this equation as A(Db) = b. Thus, the

© vector x = Db satisfies Ax = b, This proves that the equation 4x = b has a solution for each b in R™.
By Theorem 4 in Section 1.4, 4 has a pivot position in each row. Since each pivot is in a different
columm, 4 must have at least as many columns as rows,

25. By Exercise 23, the equation C4 = [, implies that (number of rows in 4) > (number of columns), that is,
m > n. By Exercise 24, the equation AD = [, implies that (number of rows in 4) < (number of columns),
that is, m < n. Thus m = 1. To prove the second statement, observe that DAC = (DAYC = 1,C = C, and

also DAC = DX(AC) =D, = D. Thus C= D A shoﬁer calculation ig

C=1,C = (DAYC = DHAC) = DI, = D

26, Write /s =[e; e e;jand D=[d; d; dy]. By definition of 4D, the equation AD = [; is equivalent
1o the three equations Ad; = ¢, Ad; = e;, and 4d; = ¢5. Each of these equations has at least one solution
hecause the columns of 4 span R, (See Theorem 4 in Section 1.4.} Select one solution of each equation
and use them for the colummns of D, Then 4D = [
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27. The product u’v is a 1= matrix, which usually is identified with a real number and is written without the
matrix brackets,

o] -2
uw'v=[-2 3 -4]jb]x—2a+3b—4a, Vius=la b o] 3=-2a+3b-4c
13 4
“wz“l. [-2a -2b -2¢c]
w =l 3a b c]= 3a 3 I
4 |~4a —4b —4c|
[ [-2a¢ 34 —4a1!!
vu' = bf[—z 3 mzz]:f-—zb b —4b|
3 |2 3¢ -4

28. Since the inner product u'v is a real number, it equals its transpose. That is,
u'v=u'v) = v (") = v/, by Theorem 3(d) regarding the transpose of a product of matrices and by
Theorem 3(a). The outer product uv” is an #x# matrix. By Theorem 3, (uv’) = (v/yu" = vu',

29. The (i, /)-entry of A(B + C) equals the (i, j)-entry of AB + AC, because

Il Il i
2aulby +cg)= Y aby + Y aye,
ke f=t k=1

The (i. j)-entry of (B + C)4 equals the (/, j)-entry of B4 + CA, because
by tey Jay =Y byay + 2 Cudy
pa e k=1
30. The (i, ))-entries of {AB), (r4)B, and A(rB) are all equal, because

’"Z a, b,vg. = Z(raik )b@. = Za,.k (rbkj.)
o ¥ E=]

1

31. Use the definition of the product /,.4 and the fact that I.x=xforxin R™.
[mA :1n:[ai o an] = [Imai e -l,manz = {al T an} ZA
32. Let ¢ and a, denote the jth columns of /, and A, respectively. By definition, the jth column of 4/, is Ae;,

which is simply a, because ¢, has 1 in the jth position and zeros elsewhere. Thus corresponding columns
of 4/, and 4 are equal. Hence A7, = 4.

33. The (7, ji-entry of (48) is the ( /. i)-entry of AB, which is
aub,+-+a, b

Ficad: 3

The entries inrow i of B  are by, ... . b, because they come from column 7 of B, Likewise, the entries in
column j of 4" are @y, ..., a,,. because they come from row / of 4. Thus the (i, Jl-entry in B4 is
ayb,+---+a,b,, as above.

34. Use Theorem 3(d), treating x as an nx | matrix: (48x)7 = x"(4B) = x'B'4",

35. [M] The answer here depends on the choice of matrix program. For MATLAB, use the help
command to read about zeros, ones, eye, and diag. For other programs see the
appendices in the Study Guide. (The Tl calculators have fewer single commands that produce
special matrices.)




88 CHAPTER2 - Matrix Algebra

36. [M] The answer depends on the choice of matrix program. In MATLAB, the command rand (6, 4)
creates a 6>4 matrix with random entries uniformly distributed between 0 and 1. The command
round (19*% (rand(6,4)-.5)) ' A

creates a random 6x4 matrix with integer eniries between —9 and 9. The same result is produced by the
command randomint in the Laydata Toolbox on text website. For other matrix programs see the

appendices in the Study Guide.

37 [M](4 + (4 - D — (4" - 1) = 0 for all 4x4 matrices. However, (4 + B)YA — B) — 4% — B is the zero
matrix only in the special cases when AB = B4. In general,
(4 +BYA—B)=A(A—B)+ B(A~B) = A4 ~ AB + BA - BB.

38. [M] The equality (4B) = 4"B" is very likely to be false for 4x4 matrices selected at random.

39. [M] The matrix S “shifts” the entries in a vector (a, b, ¢, d, €) to yield (b, ¢, d, e, 0). The entries in §*
result from applying S to the columns of S, and similarly for $°, and so on. This explains the patterns
of entries in the powers of S:

- - ny fon —

0 0 1 0 0 0 0 0 1 0 0 0 0 0 1

0 0 0 1 0 0 0 0 0 1 00 0 0 0

=0 0 0 0 1,8=/0 0 0 0 0,8 =0 0 0 0 0

00 0 0 0 0 0 0 0 0 0 06 0 0 ¢

0 0 0 0 0 00 0 0 0 0 0 0 0 0]

5 is the 5x5 zero matrix. S° is also the %5 zero matrix.

3318 3346 3336 1333337 333330 .333333
40. [M] A°=| 3346 13323 3331 , A =] 333330 333336 333334
[.3336 3331 .3333 333333 333334 333333

The entries in 4™ all agree with .3333333333 to 9 or 10 decimal places. The entries in 4° all agree with
-33333333333333 to at least 14 decimal places. The matrices appear to approach the matrix

[1;‘3 1/3 1;3]
1/3 173 /3
/3 13 13

e

. Further exploration of this behavior appears in Sections 4.9 and 5.2.

Note: The MATLAB box in the Study Guide introduces basic matrix notation and operations, including
the commands that create special matrices needed in Exercises 35, 36 and elsewhere. The Study Guide
appendices treat the corresponding information for the other matrix programs.




