4.3 SOLUTIONS

Notes: The definition for basis is given initially for subspaces because this emphasizes that the basis elements
must be in the subspace. Students often overlook this point when the definition is given for a vector space (see
Exercise 25). The subsection on bases for Nul 4 and Col 4 is essential for Sections 4.5 and 4.6. The
subsection on “Two Views of a Basis” is also fundamental to understanding the interplay between linearly
independent sets, spanning sets, and bases. Key exercises in this section are Exercises 21-23, which help to
deepen students’ understanding of these different subsets of a vector space.

1. Consider the matrix whose columns are the given set of vectors. This 3 x 3 matrix is in echelon form, and
has 3 pivot positions. Thus by the Invertible Matrix Theorem, its columns are linearly independent and
span . So the given set of vectors is a basis for >,

2. Since the zero vector is a member of the given set of vectors, the set cannot be linearly independent
and thus cannot be a basis for >, Now consider the matrix whose columns are the given set of vectors.
This 3 x 3 matrix has only 2 pivot positions. Thus by the Invertible Matrix Theorem, its columns do

3
not span "\

3. Consider the matrix whose columns are the given set of vectors. The reduced echelon form of this matrix

I8

l’ 13 -3] [1 0 9/2]
|02 “5§~l'0 1 -5/2]
=2 —4 1, 0 0 o0

so the matrix has only two pivot positions. Thus its columns do not form a basis for :°; the set of vectors
is neither linearly independent nor does it span *°.

4. Consider the matrix whose columns are the given set of vectors. The reduced echelon form of this
matrix is

2 1 =771 o o]

2 -3 5-0 1 0

L2 4] o o 1

so the matrix has three pivot positions. Thus its columns form a basis for * °.

L

3. Since the zero vector is a member of the given set of vectors, the set cannot be linearly independent and
thus cannot be a basis for . °. Now consider the matrix whose columns are the given set of vectors. The
reduced echelon form of this matrix is

=20 o0 10 0 0
-0 10 0
0 0 0 1

so the matrix has a pivot in each row. Thus the given set of vectors spans .

00 0 s
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. Consider the matrix whose columns are the given set of vectors. Since the matrix cannot have a pivot in
each row, its columns cannot span - ; thus the given set of vectors is not a basis for °. The reduced

echelon form of the matrix is

so the matrix has a pivot in each column. Thus the given set of vectors is linearly independent.

. Consider the matrix whose columns are the given set of vectors. Since the matrix cannot have a pivot in
each row, its columns cannot span =*; thus the given set of vectors is not a basis for 7>, The reduced
echelon form of the matrix is

[wz 6] (f 0
|3 ~1-j0 1]
Lo 5010 0

so the matrix has a pivot in each column. Thus the given set of vectors is hinearly independent.

. Consider the matrix whose columns are the given set of vectors. Since the matrix cannot have a pivet in
each column, the set cannot be linearly independent and thus cannot be a basis for 7. The reduced
echelon form of this matrix is

10 3 0] f1 0 0 —3_/2}
-4 3 -5 2§~jo 10 172
L 3 -1 4 2700 01 172

so the matrix has a pivot in each row. Thus the given set of vectors spans =7,

. We find the general solution of 4x = 0 in terms of the free variables by using the reduced echelon

form of 4:
1o 3 2110 =3 2]
0 1 -5 4[~j0 1 -3 4%.
3 2 1 =200 0 0 0
So x =3x, ~2x,, x, =5x, — 4x,, with x; and x, free. So
g—xlm’ ?3? ir—aﬂ
| |
51 14
X= xz mx3! !+X4E gs
§X3! j‘fz JOI
i_xug QOJ LU

%ESE}%JQ
{f b
IR
ol L]
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16. We find the general solution of 4x = 0 in terms of the free variables by using the reduced echelon

il.

iz

form of 4:
10 -5 b 4t o0 =50 T
I—z I 6 -2 =2/~0 1 —4 0 6l
L02—8i9j50001_3J

So x, =5k~ 7x, X, =4x, —6xg, X, = 3%, with x; and x; free. So

X, 5 =7
X5 47 -6
x=|x =5t i+xq 04
Xy 0 3
x5 | 2 L

and a basis for Nul 4 is

5777
47 -6
1.0
ol 3
01

Let A=[1 2 1]. Then we wish to find a basis for Nul 4. We find the general solution of 4x = 0 in

terms of the free variabIeS' x =-2y--z with y and z free. So

x| f=27 -1
Ey, ¥y l%—zi GE,
in L0 L
and a basis for Nul 4 is

2]

$ionl) 0}

i \

aLOJL I J

We want to find a basis for the set of vectors in i in the line 5x ~y =0, Let 4=[5 ~1]. Then we wish

to find a basis for Nul 4. We find the general solution of 4x = 0 in terms of the free variables: y = 5x with
x free. So
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13. Since B is a row echelon form of 4, we see tha! the first and second columns of 4 are its pivot columns.

14.

Thus a basis for Col 4 is

FEF AT T 4T
LR Ay
N N I R
L2
IR
L L8

To find a basis for Nul 4, we find the general solution of 4x = 0 in terms of the free vanables:
==bx; -~ 5x,, X, =(=5/2)x; ~(3/2)x,. with x; and x, free. So

E | -6] [ 5]

X = J 3;_—;3_»1! 51}2!*);:_32?.

E S W0

5143 I 0] L 1
and a basis for Nul 4 is
i wég | —57}
] 5/2; g—3f2i§
?J zgg OH
Lol g

Since B is a row echelon form of 4, we see that the fi rst, third, and fifth columns of 4 are its pivot
columns. Thus a basis for Col 4 is

j(}% [Wﬁé 5—37]
]itl’! 0§’! 51|
La] L=s] 1-2]]

To find a basis for Nul 4, we find the general solution of 4x = 0 in terms of the free variables, mentally
completing the row reduction of B to get: x, ==2x; ~4x;, X, =(7/5)x,;, x;,=0, with x, and x, free.

So

X _21 [ —4]
ng 1 0
X=x |=x 0!+@_7ﬁ
X, §f {)5f i
Ls) Lol Lo

and a basis for Nul 4 is

27 -4}

|1 0

z
1oL TS

L0 H

RUBENG
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This problem is equivalent to finding a basis for Col 4, where 4=[v, v, v, v, v.]. Sincethe

reduced echelon formof 4 is

%’1 0 -3 1 ;zE IE 0 -3 0 415
01 -4 3 1 0 L 4 0 -5
302 1 -8 —6J 00 o0 t 20
Lz 3 6 7 9 00 00 0

we see that the first, second, and fourth columns of 4 are its pivot columns. Thus a basis for the space
spanned by the given vectors is

? Mr(ﬂ{q

0

1hi-3!
3 2§E83}'
L2l 5] )

This problem is equivalent to finding a basis for Col 4, where A=[v, v, v, v, v;]. Since the

b

reduced echelon form of 4 is

[
Lo B )
oL
|
LN ]
NV

we see that the first, second, and third columns of 4 are its pivot columns. Thus a basis for the space
spanned by the given VeCLors is

{( E“;
Jﬁ“ = W}';L'
J

[M] This problem is equivalent to finding a basis for Col 4, where A=[v, v, v, v, v] Since

the reduced echelon formof 4 is

8 4 -1 6 -1} 1 0 0 -1/2 3]
9 5 4 & 4 10 1 0 52 -7
-3 1 -9 4 til-l0 0 i 0 =34
-6 -4 6 =7 -8 |0 0 0 0 o
0 4 =7 10 =7) 06 0 0 0 0

we see that the first, second, and third columns of 4 are its pivot columns. Thus a basis for the space
spanned by the given vectors is

b =1
9l 51 -4
INERERECIRS
6 -4 6f
ol 4l -7
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18. [M] This problem is equivalent to finding a basis for Col 4, where A= [v, v, vy v, V.| Since

19.

20.

21,

22

23.

24,

the reduced echelon form of 4 is

-8 & =8 1 =97 71 0 573 0 4/3]
7 -7 7 4 3 001 23 0 13
6 =9 4 9 al-0 0 0 1 -1},
s =5 s 6 -1, 00 00 o0
7 7 -7 <7 000 00 o0

we see that the first, second, and fourth columns of 4 are its pivot columns. Thus a basis for the space
spanned by the given vectors is

87 8] [ 17]
771 4 [
IR
-5 6
70 70 -7

Since 4v, +5v, —3v, =0, we see that each of the vectors is a linear combination of the others. Thus the
sets {v,,v,}, {v,,v3}, and {v,,v,} all span #. Since we may confirm that none of the three vectors is

a muitiple of any of the others, the sets {v,,v,}, {v,,v,}, and {v,,v,} are linearly independent and thus
each forms a basis for H.

Since v, =3v, +5v; =0, we see that each of the vectors is a linear combination of the others. Thus the
sets {v,, vy}, {v,.v;}, and {v,,v,} all span H. Since we may confirm that none of the three vectors is a
multiple of any of the others, the sets {v,,v,}, {v,,v,}, and {v,.v,} are linearly independent and thus
each forms a basis for H.

a. False. The zero vector by itself is linearly dependent. See the paragraph preceding Theorem 4,
b. False. The set {b,.....b } must also be linearly independent. See the definition of a basis.

¢. True. See Example 3.
d. False. See the subsection “Two Views of a Basis.”
e. False. See the box before Example 9.

a. False. The subspace spanned by the set must also coincide with /. See the definition of a basis.

b. True. Apply the Spanning Set Theorem to ¥ instead of H. The space ¥ is nonzero because the
spanning set uses nONzero vectors.

¢. True. See the subsection “Two Views of a Basis.”
d. False. See the two paragraphs before Example 8.
e. False. See the warning after Theorem 6.

Let A=[v, v, v, wv,] Then A issquare and its columns span "* since ©.*=Span{v, VoV, Vb
So its columns are linearly independent by the Invertible Matrix Theorem, and {v,.v,,¥,, v} is a basis

for 7%,

let A= [v; vn]. Then 4 is square and its columns are linearly independent, so its columns span

<" by the Invertible Matrix Theorem. Thus {v,,....v, ! is a basis for =",



26.

28.

29, ]

34,

3L
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. In order for the set to be a basis for H, {v,,v,,v,} mustbea spanning set for H; that is,

H =Span{v,,v,,v;}. The exercise shows that / is a subset of Span{v,,v,,v ;4. but there are vectors in
Spaniv,,v,,v;} which are notin / (v, and v;, for example). So H #Spaniv,,v,,v,}, and {v,,v,,v;}
is not a basis for H.

Since sin 7 cos 7 = (1/2) sin 2¢, the set {sin ¢, sin 2¢} spans the subspace. By inspection we note that this
set is linearly independent, so {sin ¢, sin 27} is a basis for the subspace.

. The set {cos ax, sin ax} spans the subspace. By inspection we note that this set is linearly independent,

so {cos a¥, sin ar} is a basis for the subspace.

The set {7, fe™ _} spans the subspace. By inspection we note that this set is linearly independent, so

te™”, 1e”™} is a basis for the subspace.

Let 4 be the n % & matrix [v, ... v, |. Since A4 has fewer columns than rows, there cannot be a pivot

position in eas.,h row of 4. By Theorem 4 in Section 1.4, the columns of 4 do not span " and thus are not
a basis for ¢

Let A be the # x k mawix [v) ... v,]. Since 4 has fewer rows than columns rows, there cannot be a

pivot position in each column of 4. By Thcorem 8 in Section 1.6, the columns of A are not lincarly
independent and thus are not a basis for

Suppose that {v,....,v 4 18 linearly dependent. Then there exist scalars c, .s€, Dot all zero with
VitV =0,

Since 7 is linear,
Hewy+ove,v =T (v)+. . . +¢ L(V,)

and
Hovy+. e, v, ) =T0)=0.

Thus
c,T(vE)+...+CPT(vp)={)

and since not all of the ¢; are zero, {T(v.),...,T(v »)} is hinearly dependent.

Suppose that {T(v,),....T(v )4 18 linearly dependent. Then there exist scalars ..., ¢, not all zero with
ciT(vi)+...+cPT(vp}m0.
Since 7'is linear,
Ticv, -*;—.‘.~+~cpvﬁ}mciT(v;)+‘..+cpT(vp)=0:T(O)
Since 7'is one-to-one
Mo+ vc,v ) =T{0)
implies that
GVt te v, =0

Since not all of the ¢, are zero, {v,,...,v o+ is linearly dependent.
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33. Neither polynomial is a multiple of the other polynomial. So {p, P} is a linearly independent set in -

kD

Note: {p,.p.} is also a linearly independent set in - since p, and p, both happen to be in . ».

34. By inspection, p; =p, +p,, 0r p, +p, —p; =0. By the Spanning Set Theorem,
Span{p;.p,.p;}=Span{p,.p,}. Since neither p, nor p. is a multiple of the other, they are linearly
independent and hence {p;,p,} is a basis for Span {p,.p,.p.}.

33. Let {v,,v;} be any linearly independent set in a vector space ¥, and let v, and v, each be linear
combinations of v, and v;. For instance, let v, =3v, and v, =v, + v,. Then {v;,va} is a basis for
Span {v,, v, v, v, ).

36. [M] Row reduce the following matrices to identify their pivot columns:

10 2] g”l 0 2";
2 2 2] jo 1 -1 . .
fu, w, wu]= -~ |, so {u,,u,} is a basis for H.
: 3 -1 7110 0 0 ?
-t 1 -3 Lo 0 OJ
D T B i“l 0 3?;
0 -2 4]0 1 =2
vi v wv]= - |, 80 {v,,v,} isa basis for K
2 8§ 9 6 jo 0 0;
-4 -5 2] [0 0 0
o0 2 1 2 -1
[ ] 2 02 2 0 =2 4§
u u F v ¥ Vo =
S 3 -1 7 8 9 6
“l 1 =3 -4 -5 -2

o 20 2 -4
0 1 -1 -3 6 . :
~ L, 50 fu,,u,,v,} is a basis for H+ K
00 0 0 3f ’
00 0 0 0 0

37. {M] For example, writing
¢ 14y SNt +oeos 2+ ousint cos =0
with 7= 0, .1, .2, .3 gives the following coefficent matrix 4 for the homogencous system Ac = 0 (to four
decimal places):
[0 sin0 cos® sinOcosOi o o 1 0
.1 sin.l cos.2  sin.lcos.l| ! § 100998 9801 .0993
|2 sin2 cos4 sin.2cos.2 T2 1987 9211 1947
|3 sin.3 cos.6 sin3cos3| |3 2955 8253 2823

4=

1
E
E
|

This matrix is invertible, so the system A4¢ = 6 has only the trivial solution and
{7, sin 7, cos 2¢, sin 7 cos ¢} is a linearly independent set of functions.
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38. [M] For example, writing
¢ T+ey-cost+ey-cos’t +oy - cost + ¢ costt+ ¢ -cos’t +¢; - cos’t =0
with7=0,.1,.2,.3, 4, .5, .6 gives the following coefficent matrix 4 for the homogeneous system Ac =0
(to four decimal places):

I cosO cos”0 cos’0 cos*0  cos’O  cos®O
I cos.t cos’.l cos’.l cost.l cos®.l costll
I ocos2 cos’2 cos’2 cost2 cos®2 costl2
A=/1 co0s.3" cos’.3 cos’3 cos*3 cos’3 cost3
I cos.d4 cos4 cos’4 cos'd cos®4  costd

T ocos.5 cos®5 cos’5 costs cos® 5 costs

1 cos.6 cos’6 cos’ 6 cost6 cost.6 (:(.}56.6J

o 1 A T
I 9950 9900 9851 9802 9753 .9704
I 9801 9605 9414 9226 9042 8862

=11 9553 9127 8719 8330 .7958 .7602
I 9211 8484 7814 7197 6629 6106
I 8776 7702 6759 5931 5205 .4568
[1 8253 6812 5622 4640 3830 3161

This matrix 13 mvemble so the system Ac = ( has only the trivial solution and
11, cos ¢, cos’t, cos’t, cos't, cos’s, cos 1} is a linearly independent set of functions.




