4.5  SOLUTIONS

Notes: Theorem 9 is true because a vector space isomorphic to © " has the same algebraic properties as *"; a
proof of this result may not be needed to convince the class. The proof of Theorem 9 relies upon the fact that
the coordinate mapping is a linear transformation (which is Theorem 8 in Section 4.4). If you have skipped
this result, you can prove Theorem 9 as is done in Introduction to Linear Algebra by Serge Lang (Springer-
Verlag, New York, 1986). There are two separate groups of true-false questions in this section; the second
batch is more theoretical in nature. Example 4 is useful to get students to visualize subspaces of different
dimensions, and to see the relationships between subspaces of different dimensions. Exercises 31 and 32
investigate the relationship between the dimensions of the domain and the range of a linear transformation;
Exercise 32 is mentioned in the proof of Theorem 17 in Section 4.8.
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1. This subspace is H =Span{v,,v,}, where v, ={1 and v, :[ 1. Since v, and v, are not multiples
L0 K
of each other, {v,,v,} is linearly independent and is thus a basis for /. Hence the dimension of H is 2.
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2. This subspace is H =Span{v,,v,}, where V) = ~3}’ and v, = 0. Since v, and v, are not multiples
L o] -1
of each other, {v,,v,} is linearly independent and is thus a basis for //. Hence the dimension of 4 is 2.
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3. This subspace is H =Span{v,,v,,v,}, where v, =i ol v, = ,and vy = |- Theorem 4 in
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Section 4.3 can be used to show that this set is linearly independent: v, #0, v, is not a multiple of v,,

and (since its first entry is not zero) v, is not a linear combination of v, and v,. Thus {v,,v,,v,} is
linearly independent and is thus a basis for H. Alternatively, one can show that this set is linearly
independent by row reducing the matrix [vg v, vy, 0]. Hence the dimension of the subspace is 3.
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of each other, {v,,v,} is linearly independent and is thus a basis for &. Hence the dimension of H is 2.
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4. This subspace is H =Span{v,,v,}, where v, =| } Since v, and v, are not multiples
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5. This subspace is H =Span{v,,v,,v;}, where v, =
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and v, = 5 * Since v,
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{V{.V,,v5} is linearly dependent. By the Spanning Set Theorem, v, may be removed from the set with
no change in the span of the set, so / =Span{v,,v,}. Since v, and v, are not multiples of each other,
{v,,v,} is linearly independent and is thus a basis for H. Hence the dimension of H is 2.
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This subspace is H =Span{v,,v,,v,}, where v, = 90 vV, = 5| and v; = . Since
3<}
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vy =—(1/3)v,, {v,,v,,v;} is linearly dependent. By the Spanning Set Theorem, v, may be removed
from the set with no change in the span of the set, so H =Span{v,,v,}. Since v, and v, are not
multiples of each other, {v,,v,} is linearly independent and is thus a basis for H. Hence the dimension
of His 2.

1 =3 1 1 0 0 0
. This subspace is H = Nul 4, where 4= 0 1 -2 Since [A 0}~ 0 1 0 0} the

0 2 -l 00 1 0]

homogeneous system has only the trivial solution. Thus A = Nul 4 = {0}, and the dimension of H is 0.

. From the equation a - 36 + ¢ = 0, it is seen that (@, b, ¢, d) = b(3, 1, 0, 0) + (-1, 0, 1, 0) + (0, 0, 0, D).

Thus the subspace is H =Span{v,,v,,v;}, where v, =(3,1,0,0), v, =(~10,1,0), and v; =(0,0,0,1). It
is easily checked that this set of vectors is linearly independent, either by appealing to Theorem 4 in
Section 4.3, or by row reducing [v, v, v, 0]. Hence the dimension of the subspace is 3.
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. This subspace is H = Lb ta,bin E:Span {vi,v,}, where v, =0/ and v, =| 1. Since v, and
a IJ 0

v, are not multiples of each other, {v,,v,} is linearly independent and is thus a basis for 4. Hence the

dimension of H is 2.

The matrix 4 with these vectors as its columns row reduces to
2 -4 —3} 1 =2 o]
510 6,0 0 1

There are two pivot columns, so the dimension of Col 4 (which is the dimension of Hjis 2.
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The matrix 4 with these vectors as its columns row reduces to

3 9 ~7«'“§ 1 0 -3 2"f
01 4 -3-0 1 4 3.
21 =2 100 0o o0

There are two pivot columns, so the dimension of Col 4 (which is the dimension of the subspace spanned
by the vectors) is 2.
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The matrix 4 with these vectors as its columns row reduces to
51—3~8—335f10707
2 4 6 0~0 1 5 0

H

Lo 15 77000 0 1
There are three pivot columns, so the dimension of Col 4 (which is the dimension of the subspace
spanned by the vectors) is 3.

The matrix 4 is in echelon form. There are three pivot columns, so the dimension of Col 4 is 3. There
are two columns without pivots, so the equation Ax = 0 has two free variables. Thus the dimension of
Nul 4 is 2. ”

The matrix A4 is in echelon form. There are three pivot columns, so the dimension of Col A4 is 3. There are
three columns without pivots, so the equation Ax = 0 has three free variables. Thus the dimension of
Nul 4 is 3,

The matrix 4 is in echelon form. There are two pivot columns, so the dimension of Col A is 2. There
are two columns without pivots, so the equation Ax = 0 has two free variables. Thus the dimension of
Nul 4 is 2.

The matrix 4 row reduces to

3 4] 1 o}
-6 10 [0 1]

There are two pivot columns, so the dimension of Col 4 is 2. There are no columns without pivots, so the
equation Ax = 0 has only the trivial solution 0. Thus Nul 4 = {0}, and the dimension of Nul 4 is 0.

The matrix 4 is in echelon form. There are three pivot columns, so the dimension of Col 4 is 3. There are
no columns without pivots, so the equation Ax = 0 has only the trivial solution 0. Thus Nul 4 = {0}, and
the dimension of Nul 4 is 0. :

The matrix 4 is in echelon form. There are two pivot columns, so the dimension of Col 4 is 2. There
is one column without a pivot, so the equation 4x = 0 has one free variable. Thus the dimension of
Nul4is 1.

a. True. See the box before Example 5.

b. False. The plane must pass through the origin; see Example 4.
¢. False. The dimension of -, is 7 + 1; see Example 1.

d. False. The set S must also have » elements; see Theorem 12.
e. True. See Theorem 9.

- False. The set . * is not even a subset of =
b. False. The number of free variables is equal to the dimension of Nul 4; see the box before Example 5.

¢. False. A basis could still have only finitely many elements, which would make the vector space finite-
dimensional.

d. False. The set S must also have # elements; see Theorem 12.

-]

e. True. See Example 4.
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The matrix whose columns are the coordinate vectors of the Hermite polynomials relative to the standard
basis {1,£,¢7,£°} of "5 is

R 07
4020 -12|
00 4 o
00 0 8]

This matrix has 4 pivots, so its columns are linearly independent. Since their coordinate vectors form a
linearly independent set, the Hermite polynomials themselves are linearly independent in ~. Since there
are four Hermite polynomials and dim 3 = 4, the Basis Theorem states that the Hermite polynomials
form a basis for 3.

The matrix whose columns are the coordinate vectors of the Laguerre polynomials relative to the
standard basis {1,:,12,13} of 73 is
1 2 6]
0 -1 —4 -8
0 0 1 9
6 0 0 -1
This matrix has 4 pivots, so its columns are linearly independent. Since their coordinate vectors form a
linearly independent set, the Laguerre polynomials themselves are linearly independent in 7. Since there

are four Laguerre polynomials and dim 75 = 4, the Basis Theorem states that the Laguerre polynomials
form a basis for 5.

A=

The coordinates of p(¢)=7-12¢—8¢* +12¢° with respect to B satisfy
A+, 20 + 5 (-2 +41%) + ¢, (-12: +882) =T~ 124 = 8¢% +12F°

Equating coefficients of like powers of ¢ produces the system of equations

2¢, - 12¢, = -12
4cy = -8
&, = 12

Ezfzj

3}
. . . 3
Solving this system gives ¢, =3, ¢, =3, ¢ ==2, ¢,;,=3/2, and [p]; = 5|

The coordinates of p(¢) =7 —8¢+3¢* with respect to B satisfy
a(+o (- +c;(2—4t+17) =7 -8 + 34

Equating coefficients of like powers of 7 produces the system of equations

G+ o o+ 205 = 7
-¢; = 4¢ = -8
;= 3
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Solving this system gives ¢, =5, ¢, =4, ¢; =3, and [p], =f ~4 .
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Note first that n > 1 since S cannot have fewer than I vector. Sincen>1, V' # 0. Suppose that S spans V/
and that § contains fewer than # vectors. By the Spanning Set Theorem, some subset S’ of S'is a basis
for V. Since § contains fewer than »n vectors, and S’ is a subset of S, 87 also contains fewer than 5
vectors. Thus there is a basis " for ¥ with fewer than 5 vectors, but this is impossible by Theorem 10
since dim¥ = n. Thus $ cannot span V.

If dimV = dim H = 0, then V = {0} and H= {0}, s0 H=V. Suppose that dim ¥ = dim H > 0. Then 4/
contains a basis S consisting of » vectors. But applying the Basis Theorem to V, S is also a basis for V.
Thus H =V = SpanS.

Suppose that dim * =k < o, Now » s a subspace of ~ for all , and dim 1=k, sodim ", =dim .
This would imply that ", = *, which is clearly untrue: for example p(t)=¢"isin ~ but not in

“4-1. Thus the dimension of © cannot be finite.

The space C( ) contains * as a subspace. If C() were finite-dimensional, then = would also be finite-

dimensional by Theorem 11. But " is infinite-dimensional by Exercise 27, s0 C( ) must also be infinite-
dimensional.

a. True. Apply the Spanning Set Theorem to the set {Vi,...v »+ and produce a basis for V. This basis

will not have more than p elements in it, so dimV < p.
b. True. By Theorem 11, {v,.. -V, } can be expanded to find a basis for V. This basis will have at least

p elements in it, so dimV > p.
¢. True. Take any basis (which will contain p vectors) for ¥ and adjoin the zero vector to it.

a. False. For a counterexample, let v be a non-zero vector in 7 *, and consider the set {v,2v}. Thisis a
linearly dependent set in 3, but dim " *=3>72.

b. True. If dimV < p, there is a basis for ¥ with p or fewer vectors. This basis would be a spanning set
for V' with p or fewer vectors, which contradicts the assumption.

¢. False. For a counterexample, let v be a non-zero vector in ™, and consider the set {v,2v}. Thisis a
linearly dependent set in ~* with3 — [ =2 vectors, and dim =3

Since H is a nonzero subspace of a finite-dimensional vector space V, H is finite-dimensional and has a
basis. Let {u,,...,up} be a basis for H. We show that the set {T(u, ),...,T(up)} spans 7(H). Lety be in
T(H). Then there is a vector x in H with T(x) =y. Since x is in H and {u,,...,u »3 18 a basis for H, x may

be written as x =cju, +...+ c,u, for some scalars c,,.. -»¢,. Since the transformation 7'is linear,
y=T(x)=T(cu, +...+cpup)=clT(u1)+...+cpT(up)

Thus y is a linear combination of T(ul),...,T(uP) , and {T(ul),...,T(up )} spans 7(H). By the Spanning
Set Theorem, this set contains a basis for T(H). This basis then has not more than p vectors, and
dimT(H) < p = dim H.

Since H is a nonzero subspace of a finite-dimensional vector space V, H is finite-dimensional and has a
basis. Let {up...uﬁ} be a basis for H. In Exercise 31 above it was shown that {T(uf),...,T(up)} spans
T(H). In Exercise 32 in Section 4.3, it was shown that {T(u,),....T(u » )1 1s linearly independent. Thus
{T(uz),...,T(up)} is a basis for T(H), and dim7(H)=p=dim H.
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33. [M]

a.

34. [M]

To find a basis for ' which contains the given vectors, we row reduce

"~99610000'F100~1/30013;’7‘
-7 4 7 0 1 0 0 0, (0 1 0 0 0 0 1 5/7
8 1 -8 0 0 1 0 0/~0 0 1 =1/3 0 0 0 -=3/7|
-5 6 5 0 0 0 1 0/ lo-0 0 0 1 0 3 22/7
7 -7 =7 0 0 0 0 1] [0 0 0 00 1 -9 -53/7]

The first, second, third, fifth, and sixth columns are pivot columns, so these columns of the
original matrix ({v,,v,,v;,e,,e;} ) form a basis for . *:

The original vectors are the first k£ columns of 4. Since the set of original vectors is assumed to
be linearly independent, these columns of 4 will be pivot columns and the original set of vectors
will be included in the basis. Since the columns of A include all the columns of the identity
matrix, Col 4 = 7, ~

The B-coordinate vectors of the vectors in C are the columns of the matrix

(10 -1 0 1 0 -1
01 0 -3 0 5 0
0 0 2 0 -8 0 18
P=0 0 0 4 0 -20 0.
0 0 0 0 8 0 —48
00 0 0 0 16 0
00 0 0 0 0 32

The matrix P is invertible because it is triangular with nonzero entries along its main diagonal.
Thus its columns are linearly independent. Since the coordinate mapping is an isomorphism, this
shows that the vectors in C are linearly independent.

We know that dim H = 7 because B is a basis for 4. Now C is a linearly independent set, and
the vectors in C lie in H by the trigonometric identities. Thus by the Basis Theorem, C is
a basis for H.



