54 SOLUTIONS

[ 3] -1
1. Since T(b,)=3d, -5d,,[T(b,)], = E— s i Likewise 7'(b,)=~d, +6d, implies that [T'(b,)], =1{ 6}
J L Oy
ro]
T(b;)=4d, implies that [T'(b;)], = f 4 g Thus the matrix for 7 relative to B and
LY
r3 -1 0]
D is [[T(b)]p[T(by)]p[T(b3)], ] —’L 5 6 4J'
2"} (47
2. Since T(d,)=2b, -3b,,[7T(d,)],; = 3| Likewise 7(d,)=—4b, +5bq implies that [T'(d,)]; = I s 3
- LYo
. . - I T )ﬁ 2 ——4-§
Thus the matrix for T relative to D and B is [T(d,)];[7(d,)]; = L 3 s L.
) ST J
3. a. T(e;)=0b, ~1b, +b;,T(e,)=—1b, —0b, —1b,, T(e;) =1b, — b, + Ob;
0] '—7—11 [ 1’}
b. [T(e)]lz=|-1.[T(e;)l, 2{ 0. [T(es)]p =i "IJ
L1 -1 0
ro -1 q
¢. The matrix for Trelativeto £ and Bis [ [T(e,)]; [T(e,)], [T(e3)]5]=§ -1 0 -1 §
i
1 -1 0]
| : =3
4. Let £=1{e;,e,} be the standard basis for . Since [T(b,)], =T(b1)=f 0] LIT(by)]e =T(b3)=§ | E
L LTl

and [T(b,)]. =7(b,) 5_ , the matrix for T'relativeto B and &£ is [[T(b))]. [T(b))]: [T(by)]:]1=

[2 —4 5]
0 -1 3
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5.8 T(P)=0+5Q2-t+)=10=3t+4 +¢°
b. Let p and q be polynomials in 5, and let ¢ be any scalar. Then
T(p()+q(1) = (1 +3)[p)+q(O)]=(+35)p() + (1 +5)q(?)
=T(p(1))+T(q(r))
T(c-p@) = +5)c-p(O)]=c-(+5)p()
=c-Tlp(1)] '
and T is a linear transformation.

5
) - ) 1 o
c. Let B={Lt,"} and C={1,¢,¢°,¢°}. Since T(b)=TW)=0¢+5D=t+5, [T(b)] = ol Likewise
0
[ 0
. ) 5 .
since T(b,))=T({t)=@+5)t)=¢t"+5¢, [T(by)]- = aE and since
0

0
0 ) .
5| Thus the matrix for 7 relative to B and
1

T(by)=T(t*)=(t+5)¢*) =1 +5¢%, [T(by)]c {

Cis[[T(b)]e [Tl [T(b)]-1=

S == O

0
0
5|
1

[ e R 4]

6. a. T(P)=Q—-t+)+17Q2—-1+11)=2-1+37 - +¢*

b. Let p and q be polynomials in #,, and let ¢ be any scalar. Then

T(p(t) +q(1) =[p(1) + q()] + *[p(t) +q(1)]
=[p(0)+*p()] +[q() + q(1)]
=T(p®)+T(q(1))

T(c-p(1) =[c-p)]+1*[c-p(©)]
=c-[p(t)+2°p(1)]
=c-T[p(1)]

and T is a linear transformation.
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1

0
c. Let B={l,1,/*} and C={1,1,:°,£,1*} . Since T(b,)=T() =1+ (1)=1> +1,[T(b,)]- =/ 1 |.

0

‘OJ
o7
1
Likewise since T'(b,) =T(1)=t+(*)(t) =1’ +1,[T(b,)]. =| 0 |, and
1
_O_
o
0
since T(by)=T(*)=1"+(*)(t*)=t* +1*,[T(b;)]- =| 1 |. Thus the matrix for T relative to
0
—l.J
1 0 0]
01 0
Band Cis[[T(b)]e [T(b))]c [T(b)]-]={1 0 1]
01 0
0 0 1]

|

3 0
7. Since T(b,)=T(1)=3+51,[T(b,)], =[5 . Likewise since T(b,)=T(r) =21+ 4%, [T(b,)], =| -2 |,
0 L4

-

Thus the matrix representation of 7 relative to the basis

f" 0
and since T(b,)=7(¢*)=r,[T(b;)], =0 |.
B

J
3 0 01
B is {[T (b)lz [T(by)lz [T(by)l J =5 -2 0 { Perhaps a faster way is to realize that the
{O 4 1]
information given provides the general form of T(p) as shown in the figure below:
a, +at +a,t’ ———T——> 3a, +(5a, —2a)t + (4a, + a) )t
coordinate coordinate
mapping mapping
irao § 3a, |

[ multiplication

Sa,—2a, |

| H by!”r? H
a, Ve Cda+a,
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The matrix that implements the multiplication along the bottom of the figure is easily filled in by

mspectxon
(? ? ?”ig’agé o 3a, | 53 0 0]
1?2707 :alj | 5a,~ 2a | implies that [T'], =[ 5 =2 O}
L‘? ? ”J;az [4a+a,J L0 IJ,
r 3"; 0 -6 1“;[ 3 [ 24“[
8. Since [3b, ~4b, ]y =) —4 |, [T(3b, —4b,)], =[T1,[3b, —4b,], =|0 5 -1 | 4 |= —20{

and T(3b, —4b,) = 24b, — 20b, +1 1b,.

i’5+3(-1) (2}
9. a. T(p)=| 5+3(0) |= 5
L5+3(})J LSJ

b. Let p and q be polynomials in 75, and let ¢ be any scalar. Then

{ (p+a)(-1) ] "p(~1)+q(~1)} p-D] [a(-D)]

I(p+a)=| (p+)0) |=| p(0)+q(0) |=| p(0) |+ q(0) f=T(p)+T(q)

P+ | | pH+q) | { p(H) | | q) |
e pED] [ep-1)]  [p=D]

Tep)=| )0 =] c-(pO) |=c p(0) |=c 7(p)

(c-p)l) | [ e (p))) | L pD)
and 7 is a linear transformation.

¢. Let B={l,s, 12} and &£ ={e,,e,,e;} be the standard basis for ©>. Since

1 M1 B
[(T(b)]e =Tb)=T)=|1|, [T(bz)]g=T(bz)=T(l‘)={ 01, and [T(b3)]; =T(b;) =Tt )=f[0 .
i x :
=1 1
the matrix for 7'relative to B and & is | [T(b Ne [T(by))e [T(by)]e ] ; I 0 OJ.
L

10. a. Let p and q be polynomials in ", and let ¢ be any scalar. Then
(O3] [p-3)+a-3)] [p(-3)] -3

D

]

|

|

| ]
[P+ | peD e | b

n
5 i

L
T(p+ = [+ =T(p)+T
pra)= (p+q>(1)§ Cp()+qd) | PO || a) (p)+Ttq)
L+ | | p®+ad) | L p3) | |43 |

ep)=3)] e p(-3) (3]

L(cp)(— ng lep=1)) | Ip=1) |
T'c-p)= | N j=c-T
°P L ep) jc(p(i)§ C;'p(l); (®)

LepB® ] Lee3) | | po) |

and 7 is a linear transformation.
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b. Let B={1,1,1°,’} and £ ={e,, e,,e,,¢,} be the standard basis for °. Since

K -3 9]
1 = 1
[T(b)]e =T(b)=T(1)= !{If’ [T(b)] =T(b,)= T(t):% 1’5 [T(by)]e =T(by)=T(+* )_%1 , and
M | |
i 3] 9]
—27}
[T(b,)]. :T(b4)=T(t3)=2 _i f, the matrix for T relative to B and £ is
|
L 27
(1 3.9 =27
. . N
7)) [T(by)]: [T(hy)]: [T(b)] = o1 1
L 3 9 27J

5

‘ 21
11. Following Example 4, if P = {bl b, =§ . J, then the B-matrix is
. 1(2 -3 4f2 1) [105]
P AP =~ =
501 2)-1 =1j-1 2] |0 1]

12. Following Example 4, if P= {bl sz =

M3 1] .
B then the B-matrix is
L 1
12
"t—z 1
13. Start by diagonalizing 4. The characteristic polynomial is 4> — 4L+ 3= (%~ D(A -3), so the eigenvalues
of 4 are 1 and 3.

3
P”APz}{ I 1}(~1 413 “3

52 3|2 32 1

-1 1
ForA=1: A—I=[ 3 J. The equation (4 —7)x=0 amounts to —x, +x, =0, so x, =x, with x,

1
free. A basis vector for the eigenspace is thus v, = [J

=3 1

Forh=3: 4-3/=|
-3 1

The equation (A4 -3/)x =0 amounts to —3x, +x, =0, so x, =(1/3)x, with

||

-
‘ i

x, free. A nice basis vector for the eigenspace is thus v, =f
b

. - 1]
From v, and v, we may construct P=v, v, = {3 § which diagonalizes 4. By Theorem 8, the
) S

basis B ={v,,v,} has the property that the B-matrix of the transformation X > 4x is a diagonal matrix.
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14.

15.

16.

FOI‘}» O.A‘“ [:
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Start by diagonalizing 4. The characteristic polynomial is A% — 6L —16 = (A =8)Yh+2), so the
eigenvalues of 4 are 8 and -2.

-3 37
ForA=38: A-SI:( ; 7‘}. The equation (4~8/)x =0 amounts to x, +x, =0, so X, ==x, with x,

-1
free. A basis vector for the eigenspace is thus \f =( }

1

7 -3
ForA=2:4+2] :L . 3}. The equation (4-2/)x=0 amounts to 7x, —3x, =0, so X =(3/7)x,
with x, free. A nice basis vector for the eigenspace is thus v, = L J

- - =13
From v, and v, we may construct P=lv, v, Jﬁz[ . ,J which diagonalizes 4. By Theorem 8, the

basis B={v,,v,} has the property that the B-matrix of the transformation x > Ax is a diagonal matrix.

Start by diagonalizing 4. The characteristic polynomial is A% — 7% +10 = (A=5)(A—=2), so the

eigenvalues of 4 are 5 and 2.
.

-1
ForA=35. 4-5] =[ . 2}. The equation (4~57)x=0 amounts to x, +2x, =0, so X, =-2x, with
X, free. A basis vector for the eigenspace is thus v, = {_ J.

2 =2
ForA=2: A«—2[={ | J. The equation (4~2/)x =0 amounts to x, — x, =0, so X, =x, with x,
|-

1
free. A basis vector for the eigenspace is thus v, = {J

- -2 1
From v, and v, we may construct P=|v vzjz( | J which diagonalizes 4. By Theorem 8, the

basis B={v;,v,} has the property that the B-matrix of the transformation X — Ax is a diagonal matrix.

Start by diagonalizing 4. The characteristic polynomial is 1> — 5} = M(A—35), so the eigenvalues of 4 are
5and0.

I 3 ‘
Ford=35. A-51 :é o - The equation (4 ~5/)x =0 amounts to x, +2x, =0, so X, =—2x, with

el
[~ -2]
x, free. A basis vector for the eigenspace is thus v, -; b

e

[ E— rind

2 6] ‘
- The equation (A-0/)x=0 amounts to x, ~3x, =0, s0 1, = 3x, with
2]
r3

x, free. A basis vector for the eigenspace is thus vy =| [
Lt

| —— r—]
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2 3]
D i which diagonalizes 4. By Theorem 8, the
.

basis B={v,,v,} has the property that the B-matrix of the transformation x — Ax is a diagonal matrix.

From v, and v, we may construct P=v, v, =|
B . !

17. a. We compute that
27

17 27
Ablzfl ]f{?;:( =2b,
-1 31 2]

L L
so b, is an eigenvector of A4 corresponding to the eigenvalue 2. The characteristic polynomial of 4 is

R , 1]
L —4h+4=(kh-2)", so2 is the only eigenvalue for 4. Now 427 ::{ - |, which implies that
]

the eigenspace corresponding to the eigenvalue 2 is one-dimensional. Thus the matrix 4 is not
diagonalizable.

b. Following Example 4, if P = ibi b2:§, then the B-matrix for T'is
{—4 51 1":’ 1 1] 1 s‘f [2 -1
== P g
L1 o—t)-1 3l-1 3T 4T 0 2
18. If there is a basis B such that [T'], is diagonal, then 4 is similar to a diagonal matrix, by the second

paragraph following Example 3. In this case, 4 would have three linearly independent eigenvectors.
However, this is not necessarily the case, because 4 has only two distinct eigenvalues.

19. If 4 is similar to B, then there exists an invertible matrix P such that P~ 4P = B. Thus B is invertible
because it is the product of invertible matrices. By a theorem about inverses of products,

Bl= P"IA'}(P")“} =P~ 47'P, which shows that 4™ is similar to B~

20. If A=PBP™", then 4* =(PBP™'YPBP™')=PB(P"'P)BP = PB-1-BP"' = PR*P~". So A is
similar to B>

21. By hypothesis, there exist invertible P and Q such that P"'BP = 4 and Q7'CO = A. Then
P7'BP=Q"'CQ. Left-multiply by O and right-multiply by O™ to obtain QP'BPQ™" = QO'coo™.
So C=0P"'BPQ™" =(PQ™")"' B(PO™), which shows that B is similar to C.

22. If 4 is diagonalizable, then 4= PDP™" for some P. Also, if B is similar to 4 ,then B=040™"
for some Q. Then B=Q(PDP™)Q™' =(QP)D(P™'0™")y=(QP)D(OP)"!

So B is diagonalizable.
23 If Ax=2x,x#0, then P Ax=)P 'x. If B= P AP, then
B(P'x)= P AP(P 'x)= P Ax =P 'x (*)
by the first calculation. Note that P™'x # 0, because x#0 and P! is invertible. Hence (*) shows that
P7'x is an eigenvector of B corresponding to A. (Of course, A is an eigenvalue of both 4 and B because
the matrices are similar, by Theorem 4 in Section 5.2
24. If 4=PBP™", then rank 4 =rank P(BP"')=rank BP"’ , by Supplementary Exercise 13 in Chapter 4.

Also, rank BP™' =rank B, by Supplementary Exercise 14 in Chapter 4, since P~ is invertible. Thus
rank 4 =rank B.
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25

26.

27.

28.

29.

30.
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. If A=PBP", then
tr(4) = tr(PB)P™'y = tr(P™'(PB)) By the trace property
=tr(P"'PB) = tr(IB) = tr(B)
If B is diagonal, then the diagonal entries of B must be the eigenvalues of 4, by the Diagonalization

Theorem (Theorem 5 in Section 5.3). So tr 4 = tr B = {sum of the eigenvalues of A},

If 4=PDP™" for some P, then the general trace property from Exercise 25 shows that

tr Ad=tr [(PD)P™']= tr[P"'PD]=tr D. (Or, one can use the result of Exercise 25 that since 4 is similar
to D, tr A=tr D.) Since the eigenvalues of 4 are on the main diagonal of D, tr D is the sum of the
eigenvalues of 4.

For each /,1(b;)=b . Since the standard coordinate vector of any vector in =" is just the vector itself,
[/(b,)], =b . Thus the matrix for / relative to B and the standard basis & is simply {bz b, .. bn]

This matrix is precisely the change-of-coordinates matrix P, defined in Section 4.4.

Foreach j,/(b,)=b 7> and [I(b )]- =[b ].. By formula (4), the matrix for / relative to the bases B

and Cis

M=[bl. [b). .. [b,]]

In Theorem 15 of Section 4.7, this matrix was denoted by CPB and was called the change-of-coordinates
o

matrix from B to C.

If B={b,,...,b,}, then the B-coordinate vector of b ; is €, the standard basis vector for . For

instance,
b,=1b;+0-b, +--+0-b,
Thus [/(b;)], =[b;]; =e;, and

(115 =[[L(b)]s - [I(b,)]; | =[e, e, ]=1

[M] If P is the matrix whose columns come from B, then the B-matrix of the transformation x > Ax is
D =P 'AP. From the data in the text,

-14 4 -14] -1 -1 1]
4=/-33 9 -31,P=[b, b, b3j=£——2 -1 ~2§,

1 -4 1 L1110

2 -1 1ff-14 4 -l4]f-1 -1 1] 8 3 6]
D=2 1 0/-33 o9 -31;7—2 -1 —2{=§0 13

-1 0 —1JE =4 11 1 0 o0 -3
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31. [M] If P is the matrix whose columns come from B, then the B-matrix of the transformation X — Ax

is D=P"'AP. From the data in the text,
7 -48 -16] -3 -2 3}
4=/ 1 14 6.P=b, b, b = 1 1 -1,
-3 -45 -19 -3 -3 0]
-1 -3 —1/3"[’—7 48 -16 E:B -2 3“} -7 =2 6]
D=1 3 0 1 14 6| 1 1~1§=f0—4—6§
0 -1 -U3j-3 45 -19//-3 -3 0] [ 0 0 -1
g” 15 -66 —44 -33}
0 13 21 -15
32. [M] 4= B
1 o-15 -2 12{
Lz -18 -22 8|
ev=eig(A)=(2, 4, 4, 5)
0.0000
, ~1.5000
nulbasis (A-ev(l) *eye (4)) = 15000
] I.OOOOJ
((ﬂ
. s
A basis for the eigenspace of A=2 is b, = 3}.
[100000 13.0000]
, | —2.3333 || 1.6667
nulbasis (A-ev(2) *eye (4)) = IOOOO’
{ OJ looooj
[-30 39”
~7\| 5|
A basis for the eigenspace of L=4 is {b,,b,} = 3] O; }
RN
{ Oﬂ%J
[ 2.7500]
lbasis (A-ev (4) *eye (4) ) {—O'/SOOE
i asls -ev eve =
Y | 1.0000 |
| 1.0000 |
slﬂ
-3
A basis for the eigenspace of A=35 is b, = 4l
4

i
1.

The basis B={b,,b,.b;.b,} is a basis for = * with the property that [T, 1s diagonal.




