Year

.. .- Number of Stores.

1991
1993
1995
1997
1999
2001
2003

116
272
676
1412
2135
4709
7225

Source: Starbucks Corporation

Is there a Starbucks® store nearby? The number of these coffechouses worldwid
increased greatly since 1991 (see Table 1). In Exercise 33 of Homework 4.5, yo
predict the number of stores in 2010 and describe the increase in the number of s
over time. )

In Chapters 1-3, we worked with linear expressions and equations. In this ch
we will work with a new type of expression and equation. In addition to wo
with linear functions, we will now use exponential functions to model some authi
situations. We will use these functions to make predictions, such as predictin‘
number of Starbucks stores in 2010.

PROPERTIES OF EXNPONENTS

Objectives
# Know the meaning of exponent, zero exponent, and negative exponent.
* Know properties of exponents.

Simplify expressions involving exponents.

Know the meaning of exponential function.

Use scientific notation.

In this section, we will simplify expressions involving exponents.

Definition of an Exponent

If n is a counting numbqr (Section A.2), what is the meaning of »"? The notatio
stands for b - b - b. S0, 4% = 4 -4 . 4 = 64. The notation b* stands forb-b-b - b
24=2.2.2.2=16. '

DEFINITION Exponent

For any counting number n,

?% i Compute —2*
4
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The expression 33 is a power. It is the 5th power of 3, or 3 raised to the 5th power.
For 35, the base is 3 and the exponent is 5. Here, we label the base and the exponent of
37 and calculate the power:

Exponent
=3.3.3-3.3=243
| ————

5 factors of 3

When we calculate a power, we say that we have performed an exponentiation.

Notice that the notation b! stands for one factor of b, so bl = b.

Two powers of b have specific names. We refer to b* as the square of b or
b squared. We refer to b3 as the cube of b or b cubed.

For an expression of the form —b", we compute b" before finding the opposite.
For example,

=) =

For —24, the base is 2, not —2. If we want the base to be —2, we must enclose —2 in
parentheses:

(=% = (-D(=D(D(-2) = 16

We can use a graphing calculator to check both computations (see Fig. 1). To find —24,

pressZ4.

Properties of Exponents ,
In this section and Section 4.2, we discuss five properties of exponents.

If m and n are counting numbers, then
o« HMPN = bm+n
b}’n

bil
(bc)n — bi’l Cn
H bn
{7_ —, 30
I o

( bm)” — bmn

Product property for exponents
=p""" b£Oandm >n Quetient property for exponents
Raising a produst to a power

Raising a quotient to a power

Ealsing a power to a power

In Example 1 (and the first Exploration), we will investigate why these properties
make sense.

Example 1 Meaning of Exponential Properties

. Show that b?b% = b°.
2. Show that »"5" = b _where m and n are counting numbers.

n bil -
3. Show that [ —) = —, where n is a counting number and ¢ # 0.
(¢ :
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Figure 2 Comparing
tables for y = x2x? and
y=x

1. By wr1t1ngb b without exponents, we see that

b3 = (bb)(bbb) Wrisﬁe without exponents.
= bbbbb Remove parentheses,

15
=b Write with an exponent.

We can Venfy that this result is correct for various constant bases by examin

graphing calculator tables for both y = x2x3 and y = x7 (see Fig. 2). For graph

calculator instructions, see Section B.14.
2. We write b™b" without exponents:

bb" = (bbb - - - b)Y = bbb b — gt
( bY(bbb---b) = bbb-..b = pmn

m facrors A factors s fac

. b\"
3. We write < ;) , where ¢ # 0, without exponents:

(4 -CIeE (-5

# factors # facton

Simplifying Expressions involving Exponents
We can use properties of exponents to simplify expressions involving exponents.

An expression involving exponents is simplified if
1. It includes no parentheses.

2. Each variable or constant appears as a base as few times as possible. For exampl '
we write x2x% = x©.

3. Each numerical expression (such as 72) has been calculated, and each numeric
fraction has been simplified.

4. Each exponent is positive. AN

Example 2 Simplifying Expressions involving Exponents

Simplify.
7.6 7.8
1. (262c3)° 2. (363c4) (2b5¢2) 3. 2 (2
126265 1662543

Solution

235 s, a5, a5
1. (Zb c’) =27 (bz) (C3) Raise factors to nth power: (bo)” = p75"
= 32p10.15 Multiply exponents: €{f¢'”"}n = B

2. (3b3c4) (2b602) =1(3-2) (b3b6) (C4C2) Rearrange factors.

=6b%cO = | Add exponents: bb" = pn
31776’6 b7—2C6—5 SR i S b
3. = Subtract exponente. — = p7
126265 4 ST
be S
= T 5&%?‘&3&"

WARNING
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g!’?’i

i ﬁzsio*trast exponente: —
&f?

o bm~n

Kasse numeratorand &&?‘%Qmma?@? to

ek ?aweﬁ;‘ (g?\f

\ ¢ o

.17

‘Raise factors to nth power: (bo)" = b'¢"

;-mbmn B

Multiply exponent

The expressions 3b? and (3b)? are not equivalent expressions:
3% =3b-b
(3b)> = (3b)(3b) = 9b - b
For 3b%, the base is the variable b. For (3b)2, the base is the product 3b.
Here, we show a typical error and the correct way to find the power (3b)2:
(3b)* = 3b° ncorrect
(3b)% = 3% = 9b>  Correct

Since the base 3b isa product we need to dlstnbute the exponent 2 to both factors 3

and b, o .
In general, when ﬁndmg a power of the form (bc)", don’t forget to distribute the

exponent 7 to both factors b and c.

Zero as an Exponent

m
What is the meaning of b07 If the property Z- = p™ " is to be true for m = n, then
71

bn
l:—*zbn“n:boa brféo
b}’l

So, a reasonable definition of Vis 1

For example, 70 = 1, (—3)% = 1, and (ab)® = 1, where ab # 0.

Megative Exponents

If n is an integer (Section A.2), what is the meaning of "7 In particular, what is the
meaning of a negative integer exponent? If the property ﬁ. = """ is to be true for

m = 0, then

ST 0o p 0

1
So, we should define ™" to b‘e’;;l—.
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It turns out that the five properties discussed at the start of this section are also true
for all negative-integer exponents and the zero exponent.

@ “IMITION Negative iyn'tet';‘er*éipohent

If b0 and pisd céﬁmihg number then |

e
‘ o S
T P . o , If m and n are integers, b # 0, and ¢ # 0, then
In words: To find b, take its reciprocal and switch the sign of the exponent. - ¢ - i
L ' o PPN = pimtn Product property for exponents
B 1 1 ~ 1 ph
For example, 3 2= — =Zandb S = —, o — = pnTR Guotient property for exponents
32 9 b3 b"
o (BN = B o0 - o 4
Next, we write in another form, where b 5 0 and n is a counting numbe (b; ) ) b ; Raising a product to a power
h—r b
L B T e Raising a quotient to a power
1 . c c"
— . - -
hon = 1+b p=att (bm)” = p"N Raising a power 1o & power
1 1
=1+ ﬁ \ Write power 50 exponent is positive: 57 = w;
o " Exampie 4 Simplifying Expressions Involving Exponents
=1 T Multiply by reciprocal of - -, which is —. Simplify
1 ’ -6 -9 3
= pt Simpify. 1. 2~1003,1000 , b7 R
| b4 25b= ¢
So =p"
" pn Solution

E R ]

= Add exponente: BTE" = b7

1. 2~1()03210()O 2—1003+10()()

=23 Simpiify.
If b 5 0 and n is a counting number, then ! . s et
_— Write p{)l’iﬁi‘ﬁ =2d 3X§G!’ié3?’i“&5 are ?Gé!‘?«t\f"g: 4 TR e
1 o bn 23 é}ﬁ
b=n 1
= Simplify.
In words: To find . take its reciprocal and switch the sign of the exponent. i
et 72
b=6 b
2. = p 04 Subtract exponents: 7 pmn
b4 vt
1 — b—6+4 b= ad(—t
For example, — = 2% = 16 and _IA = B8 , z a+(=b)
2—4 h—8 =b"" Simplify.
! N U
As we have seen, simplifying an expression involving exponents includes writing
expression so that each exponent is positive. 35p79¢3 Th= 0D 3= B
3. = s Subteact exponente: — = b7 "
. e ) . ~7,.-5 b
Exampie 3 Simplifying Expressions Involving Exponents 2307 7p-208
“c
1. 9[7“7 2. i 3. 3—1 + 4—1 7C8 Write powirﬁ 80 exponenis are positive:
b3 = b
5h? T 2
Solution v
- 1 9 .
L 9% 7=9. = = — In the first step of Problem 2 of Example 4, we found that
b b7 .
-6
5 b (s
2.--3-:5 —L-5b3 F:béu)
b b3
i S 4 3 7 WARNING We need a subtraction symbol and a negative symbol in the expression on the right-
33 +4 = g + Z = ‘1‘5 + };’ = ; hand side. It is a common error to omit writing one of these two symbols in such

problems.
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£x&m§§e‘ﬁe - Simplifying Expressions Involving Exponents

Simplify.
2 —
(3bc%)” [ 18bTT
L e 2 ===
(2b~2C‘2)3“ 6b=3¢c2
Solution
ES T3S . o
. (2b“2c2)3 = 5 (b“2>3(c2)3 / Ralse factors to a power: {be)" = b
9b2C10 Multisl &m‘)ﬁ i
_ e dulti =4 = b
RH—6.6 ultiply exponents: {6
gp2—(~6) ,10-6 b
= e Subtract exponents: — = b7 "
8 b"
9p8c* —
= implify.
] 3
18547 B o
2. | ———o = (3b“4“(*3)c7_2) 4 Subtract exponents: A
6b=3c? b
= (3b71%) " Simplify.
=34 (b‘l)w% (CS) - Ralse factors to nth power: (bo}’ =
= 374p420 Multiply exponents: (6™} = p™"
b Write powers so exponente are posi
= 34,20 - '
3¢ b=
p* 7
== m Simplify.

P

Befinltion of an Exponential Function
In this chapter and Chapter 5, we will work with exponential functions. Here are s
examples of such functions:

. ] X
fx)=2(3)", gx) = —7<5) , h(x) = 5%

Notice that, in exponential functions, the variable appears as an exponent.

'DEFINITION Exponent

An exponential function is a fu

where a#0.b>0.and b ; constant b is called the base.

Example & Evaluating Exponential Functions
For f(x) = 3(2)* and g(x) = 5", find the following.
1. f(3) 2. f(—4) 3. gla+3) 4. g(2a)

Solution

. f(3)=312) " =3-8=24"
B

' A 3
2. f(—4)y=3(2)"" = = 6

WARNING
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3o gl )= 5953 substitute 3 -+ 3 for x in 5%,

='52°.53  write as product: b = b b
= 125(5)%  &° = 125; rearrange factors: ab = ba

Substitute 2z for x in 5°.
g% = 25 %

4. g(Za)

; error to confuse exponential functions such as E(x) = 2% with

linear functions’ such as LX) = 2x. For the exponential function E(x) = 2%, the
variable x is'an exponent. For the linear function: L(x) = 2x ! the variable x is a base.

Scientific Motation

Now we will discuss how to-use exponents to describe numbers in scientific notation.
This will enable us to describe compactly a number whose absolute value is very large
or very small. For example, Earth is approximately 4,500,000,000 years old. We write
4,500,000,000 in scientific notation:

4.5 x 107
The symbol “x” stands for multiplication.
As another example, light can travel 1 mile in 0.00000537 second. We write
0.00000537 in scientific notation:

there k is an'

Here are more examples of numbers in scientific notation:
5.2 x 107 3.638 x 10° ~5.86 x 10712 2.13 x 107%

In Example 7, we will convert some numbers from scientific notation to standard
decimal notation.

Exampie 7 Converting to Standard Decimal Notation

Simplify.
1. 5x 10° ‘ . 2.5%x1073

Solution ,
1. 5% 10° =5 x 1000 = 5000
We simplify 5 x 103 = 5.0 x 103 by multiplying 5.0 by 10 three times, hence
moving the decimal point three places to the right:

5.0 x 103 = 5000.0 = 5000

1 $ €8 i ;

2. 5x 1073 =5 x — Write powers 5o exponents are positive: b7 = —
103 * b
5 I a iy
= = X —— = ok gimplify,
1 000 T
p— 5 ?f% gts §§
= 1000 uitiply.
= 0.005 5 iz B thousandths.
1000
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/

We: simplify 5.0 x 1073 by dividzég 5.0-by 10 three times, hence movin
decimal point three places to the left:

50x 1073 = 0.005

The problems in Example 7 suggest the way to convert a number from scie
notation N x 10F to standard decimal notation.

To write the scientific notation N x 10% in standard decimal notation, we move
decimal point of the number N as follows:

» If k is positive, we multiply N by 10 k times; hence, we move the decimal po
k places to the right.

o If k is negative, we divide N by 10 k times; hence, we move the decimal k pla
to the left.

Example & Converting to Standard Decimal Notation

Write the number in standard decimal notation.
1. 3.462 x 10° : 2. 7.38 x 1074

Solution

1. We multiply 3.462 by 10 five times; hence, we move the decimal point of 3
five places to the right:

3.462 x 10° = 346,200.0

.

places to the lefi:

738 x 1074 = 0.000738

4% 3 The numbers

s plac

In Examples 7 and 8, we converted numbers from scientific notation to stand:
decimal notation. In Example 9, we will investigate the way to convert numbers fr
standard decimal notation to scientific notation.

Exampie 9 Converting to‘Scien’tific Notation

Write the number in scientific notation.
1. 6,257,000,000 SR 2. 0.00000721
Solution
1. In scientific notation, we woku1d ha\(e
6257 x 10F

We must move the decimal pbint of 6.257 nine places to the right to
6.257,000,000. So, k =9 and the scientific notation is

6.257 % 10°

uld ‘yhave

© 721 % 10F

2. In scientific notation, we w:

4.1 .. Properties of Exponents m

scientificenotation ds.-

e
721 %10 -

in Example 9 suyggestthe,way to convert a number from standard
on fo scientific notation. '

ber in scientific notation, count the number of places k that the

oint must be moved so that the new number N meets the condition

< =lorl < N-< 10:

« If the deci
N x 10k,

+ If the decimal point is moved to the right, then the scientific notation is written
as N x 107%

mal point ’is moved to the left, then the scientific notation is written as

Example 10 Converting to Scientific Notation

Write the number in scientific notation.

1. 92,900,000 (the average distance in miles between Earth and the Sun)
2. 0.0024 (the average weight, in grams, of a grain of sand)

Solution

1. For 92,900,000, the decimal point must be moved seven places to the left so that the
new number is between 1 and 10. Therefore, the scientific notation is 9.29 x 107,
2. For 0.0024, the decimal point must be'm()ved three places,yt‘o the right so that the
new number is between 1-and 10. Therefore, the scientific notation is 2.4 x 10“%

Calculators express numbers in scientific notation so that the numbers “fit” on the
screen. To represent 6.023 x 1023, most calculators use the notation 6.023 E 23, where
E stands-for exponent (of 10). Calculators represent 2.493 x 10739 by 2493 E —-50
(see Fig. 3).
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se for counting numbers m andn. For each part, show that the gener

ent makes sense. Assume that m. and n are counting numbers. Soden St M o ML Cone o i
Simplify without using a calculator. Then use a calculatorto verify pre-3 \ 4 2\ -3
ur result. [Note: To review order of operations, see Section A.6.] 49, ( ) 30. (_MSb ¢ )
127! 2. 372 3. 50 15b=2¢~! 12b5¢-3
: 4. (=70 5. —42 6. —3* bt \° w“
1 to show that the stateme e , 51. 82, (40587 ~8,.7189
s ,‘7. {“4)2 8. (_3)4 9. (23)2 14]97 - ( c ) (42b c )
fe—m1y "2 —1 1 1 1 - 1 1
10. (571) 11. 271 43 12 — + —  53. b M0 —
‘ B R p=1 o=
Simplify without using a calculator. 1 1
500 55, — 4 — 56. b1 4+ ¢~
3. 14, 4200342000 b1 ¢l

7900 Simplify. Assume that n is a countin b
). = b"" for rational num 5. 1350073500 16. (130-1)"! P & mumoer
K 15. 13 N ( ) 57, b4n b3ll 58. b5n~1 b2n+4
e . s e 1 5 ] 3 5 6200 pln=1 pintdpn=5s
i'expiore the meamng of b 2. where b'is nﬂnnegatwe : 17. (257 —411° + 89 ) 18— 59, 6. 0"
You will explore how you should de simpiif 21983199 p2n+3 p2n—3
: implify. :
ue of 9'/2 by first finding the squ 0, 5Ty S For f(x) =2(3)" and g(x) = 4*, find the following.
19. b . -
) . 61. f(3) 62. £(2) 63. f(—4) 64 f(~1)
Gt gk 229 =9 21 (7677) (=2b77) 22. (4679)(5b%) 65. g(a+2) 66. ga+3) 6. g2a)  68. (a)
" . o . . .
What wouid bea gocd meamng of 91/ "[Hmt Can you think of a pos 7, {M%J a)( 8p0¢ '5) 24. (ﬁ%—] Cz) (6b3 6—4) 69. a. Complete Table 2 with output values of the function
- number whose square equals 971 : ) f(x) = 2*. Then use a graphing calculator to verify
b What would»be ag@odmea ng | of. 1611“ 20£25129 ST 25. (3b3¢ ) ( 23 5) 26. (45307)2(25%4)3 your results.
culator to ﬁnwm 161/2, and 2572, For exar - X f ;
tofin ] j’EIV,\ITER . Is the calculator interpre! 21. 3(bc) 28. —6(bct)
o PR I‘p
1 2 : : - —
b2 as you would expect? ! 29. (2b*¢2)° (3p=3c=4) 7 30. (7674 P (23c2)
d What would be a good meaning of b e where b is nonnega " )
2. Now you will explore the meaning of b‘/ 3 12 3 :z ;
e PG B 1S b2 —1 3
L. 22 754 0 !
e 33, 34, — .
(8 ) :8 559 6b—8 b. Plot the ordered pairs that you found in part (a). Then
What would be a g()()d me dmng of 81/ 37 Expiam —12576¢3 —28p—203 guess the graph of f and sketch it by hand. Use a graph-
b, What would 713 O £ 641/39 35, ¢ 36, - ¢ ing calculator to verify your graph.
. f“"t o be “ & & aning of 2’ s ' aph4es 4b=3c~1 ¢. Use your hand-drawn graph to estimate 21,
O ~»f_ 13 PP
"'“ : °‘dnd 647/°. Is the caleu 3 1557 =348 1865347 70. a. Complete Table 3 with output values of the function
37, ——— 38, — 1\
Y _4502p—648 24bh~6¢34-2 flx)y= (5) . Then use a graphing calculator to verify
. whete n is a counting number a 39, (307 (477 © (3b%c1) (267778 your results.
" 80b2c17 4265¢4 ‘
\ . (24636 (49571 c72) © (16b=2¢) (25b%¢ ™)
& - :
: o (2802c%) (14b5¢) (15b5¢=1) (8p=7c=2)
If you have not had passing scores on tests and quizzes during the first part of ) 3 . X - f) X fx)
course, it is time to determine what the problem is, what changes you should mak : 3 (30°¢72) 14 (267 7c*) —4 0
and whether you can commit to making those changes. . Do b=3c ) 5-1p2,6 '; i
Sometimes students must change the way they study. For example, Rosie di / . :; 3
poorly on exams and quizzes for the first third of the course. It was not clear why sk i (2674¢)™ 16 (3bc™2) -2
was not passing, since she had good att;:rl_dance? was actively involved in classroor ) (p2o—5\2 ’ ol b.. Plot the ordered pairs that you found in part (a). Then
work, and was doing the homework assignments. Suddenly Rosie started gettin (26%¢7) (3673¢) guess the graph of f and sketch it by hand. Use a graph-
A’s on every quiz and test. What had happened? Rosie said, “I figured out that S22 BN ing calculator to verify your graph.
do well, it was not enough practice to do just the exercises you assigned. Now I ¢ 7 é) 48. (»—2—'—{}5%) . . 1\ ?
a lot of extra exercises from each section.” , N Th2c4 5p=1c- ¢. Use your hand-drawn graph to estimate (5)
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N 2

Let n be the sales of digital TVs and:'d' ' S s TR
'114. a. Simplify <~>
AL

in the year that is ¢ years since 2000

Write the number in standard decimal form..... 107. The numbers of baldieagle pairs in the continental U
' States are shown in Table 4 for various years.

71. 3.965 x 107 72. 8.23172 x 103 described by the linear function'r —n
BRI ” j— 2
73. 2.39 % 10~ 74. 7.46 x 10-3 exponential function n = 0.67(1.85)%. . b. Simplify .
a. Use a graphing calculator to draw the graphs or the two ¢ -5
75. 57 % 102 76. 7.74 x 109 functions and, in the same viewing window; the scatter- . ! : . b :
, , gram of the data. Which function describes the situation ¢ Use your result from part (b) to simplify ¢ mone
77. 9.113 x 107 78. 7.3558 x 1072 better? ' ' step.
79. —6.52 x 1074 80. —3.006 x 1073 Tou;rlgénléohll\;)en;ﬁna b. Use the exponential model to predict. the sales of digital ~ 115. Explore b,
) , ours.... TVs and displays in 2011. = : a. Simplify 5°, 4%, 3%, 20, and 1°. On the basis of these
81. 9 x 107 82. 4 x 10° ¢. Use tbe llnegr model to predict the sa Igltal TVs values, what would be a reasonable value of 07
83. —8 x 10° 84, —6.1 x 10" and displays in 2011. Explain why your result is so much b. Simplify 0%, 0%, 03, 02, and 0'. On the basis of these
. —8 x . —6.1 x smaller than your result from part (b). [Hmt Zoom Out values, what would be a reasonable value of 097
at least once. . Why is it i 0 i (s?
Write the number in scientific notation. ] T ’ ¢ yisita good idea to leave 0 meaningless’
85. 54.260.000 86. 173,229 109. Two students try to simplify (55%) o 116. Simplify each expression.
Student A StudentB a. bl b (b—l)‘l
87. 23,587 88. 6,541,883 a1 5 N La R ) Ny
5b° = —5b" 5b- =57 T )T . SRR T B b
89. 0.00098 90. 0.08156 (5 : (%) =570 )‘ ¢ é((((b)l) )1) ). d- (™))™
- 1_,; . =1y =1y =1y L) -
91. 0.0000346 92. 0.00000387 = =570 2y )
93. —42.215 94. —647.000 1 | " exponents
i : = 117. Itisacommon error to confuse the properties b b" = b7
95, —0.00244 96. —0.000013 "7 ‘Number of Bald Eagle Pairs o o 5b* and (b™)" = b"". Explain why each property makes sense,
Year = (thousands) B Dld either student simplify the expression correctly? De- andcempare;the properties. Give examples to illustrate your
For Exercises 97 and 98, numbers are displayed in a graphing cal- 1963 0.4 scribe any errors. comparison. (See page 4 for guidelines on writing a good
L.*ulator table’s ve.rsi(m of scientif‘ic notation. Write each number 1974 08 116. Two students try to simplify an expression: response.)
in the Yy column in standard decimal form. iggé ii Student 1 Student 2 118. Describe what it means to use exponential properties to
97. See Fig. 4. 98. See. Fig. 5. 1995 30 78 simplify an expression. Include several examples in your
1995 a7 = 7p8 Y = 7pd3 ; description. (See page 4 for guidelines on writing a good
2000 6.5 b3 b3 © response.) -
2005 7.7 = 7h"! = 7p° ‘
Source: U.S. Fish and Wildlife Service Did either student simplify the expression correctly? De- Related Review
o — — X . .
Let n be the number of bald eagle pairs (in thousands) i scribe any errors. For f(x) = 2x and g(x) = 2%, find the following.
. . . L - ’ -~ 4 v _
continental United States at 7 years since 1960. The situ 11. A student tries to simplify 3b75cT 119. f(3) 120, £(-3) 121. ¢(3) 122. g(-3)
can be described by the linear function n = 0.18¢ — g7
Figure 4 Exercise 97 Figure B Exercise 98 and the exponential function n = 0.29(1.078)". N . Expressions, Equations, Functions, and Graphs
30 cC c )

a. Use a graphing calculator to draw the graphs of the
functions and, in the same viewing window, the sca
gram of the data. Which function describes the situ

= - Perform.the indicated instruction. Then use words such as linear,
d 3bd exponential, function, one variable, and two variables to describe

Describe any errors. Then simplify the expression correctly.  the expression, equation, or system. For instance, to describe

For Exercises 99-102, the given sentence contains d number
written in scientific notation. Write the number in standard deci-

mal form. better? - : i o 2x =10 oul “Uy =10 is a linear ion i
99 d ¢ i Barth d back b. Usethe-exponential model to predict the number of 2. A student tries to simplify (7-’C4)5 v;z\riable: ”you could say “2x =10 is a linear equation in one
. ;F}ge ﬁlrgg ev1wer:ce of life on Eart ates back to cagle pairs in 2012. " . e " -

00X years ago. ¢. Use the linear model to predict the number of bald e (71%)" =7(x")" =7« 123. Solve: 34
100. The Moon has an average distance from Earth of approxi- pairs in 20‘12. Explain why your re.sult is so much sm Describe any errors. Then simplify the expression correctly. )/, : o

mately 2.389 x 10° miles. than your result from part (b). [Hint: Zoom Out at e u 2 e y=2x—4

once.] 3 Itis common to confuse expressions suchas 2%, 27", 2(—1),

101. The hydrogen ion concentration in human blood is about ’ . ) ) 71 =1 5 5 1 124. Simplify 5(3x + 1y — 4(Q2x — 4).

63 % 1 O-g mole pér liter. 108. ;'F()};evfrlizsu (;f ;lelagrlgal TV sets and displays are shown in Ta K 5] 5 -2, (~2) d 3 List these numbers 125. Solve 3x - 1 = 2x — 4.

’ from least to greatest. Are there any “ties”? 126. Graph f(x) = 3x + 1 by hand.

102. The famtest sound that humans can hear has an intensity of
about 10712 watt per square meter.

For Exercises 103~106, the given sentence contains a number
(other than a date) written in standard decimal form. Write the
number in scientific notation.

“Number of quatai TV €

¥ w

| 70 M%&?g@é%ﬁ& EXPOMENTS
Objectives

3%
{millions)

103. The tanker Exxon Valdez spilled about 10,080,000 gallons 06 - o o
of oil in Prince William Sound, Alaska, in 1989. ) " Know definitions of rationat exponents.
104. The average distance from Earth to Alpha Centauri is about 4.0 * Simplify expressions that have rational exponents.
25,000,000.000,000 miles. ‘ 75
15.0

105. The wavelength of violet light is about 0.00000047 meter.
106. One second is’ about 0.0000000317 year.

In Section 4.1, we worked w1th integer exponents In this section, we work with expo-
“nents that are rational numbers. (Section A.2).

Consumer Electronics Association




176 CHAPTER 4 Exponential Functions

Figure & Checks for
Problems 1, 2, and 3

Definitions of Rational Exponents
How should we define b'/”, where n is a counting number? If the exponential proper

(b™)" =b"" is to be true for m = 3 and n = 2, then

(9%)2 ot gl _g

Since (— 3)2 = 9 and 3% = 9, the statement suggests that a good meaning of 91/2
~3 or 3. We define 9'/2 = 3. We call the nonnegative number 3 the principal secor
root, or principal square root, of 9, written «/— 9.

1
Similarly, if the property (b™)" = ™" is to be true for m = 3 and n = 3, then

(8%)3 —gi3—gl=3g

Since 2° = 8, the statement suggests that a good meamng of 8!/3 is 2. The number
is called the third root, or cube root, of 8, written \/—

For (—8)1/3, a good meaning is —2, since (=2)3 = —8. We do not assign a regl
number value to (—9)*/2, since no real number squared is equal to —9.

DEFINITION '

For the wuntmg number n, where n 5 1

: ’ * Ifn n isodd, then pl/n is the number Wh:)se nth power is b, and we call b 1/ "

Example t Simplifying Expressions Involving

Rational Exponents

Simplify.
1. 251/2 2. 64173 3. (—64)1/3
4. 161/4 5. —161/4 6. (—16)1/4
Solution

1. 25!/2 = 5, since 5% = 25.
2. 64173 = 4, since 4° = 64.
3. (—64)1/3 = —4, since (—4)° = —64.
4. 16'/* = 2, since 2% = 16
5. —161/4 = —(161/%) = —
6. (—16)1/* is not a real numb‘er, since the fourth power of any real number

nonnegative.
Graphing calculator checks for Problems 1 2, and 3 are shown in Fig. 6.

example, to find 25172, press 25 A DE 1 B 2 LL ENTER | If an exponent invol
an operation, you must use parentheses.

What would be a reasonable definition of /"9 If the properties of exponents
discussed in Section 4.1 are to hold true for rational exponents, we have

- Figure 7 Checks for
' ms 1,2, and 3

4.2 ~Rational Exponents 177

328 or 325 =325 = (323)5 = 32,7685 =8

AlsQ, ,

Example 2 Simplifying Expressions Involving
Rational Exponents

Simplity.
1. 253/2 2. (=27)%3 3. 32725 4. (—8)75/3

Solution
1. 2532 = (2512)° = 53 = 125

2. (=213 = (=213 = (=3)2 =9

s Lo 1.1
322/5 <321/5>2 22 4
4. (—8)~5/3 = ! = ! = ! = ! = -—-—1—
(=83 (=13 (=23 32 32

Graphing calculator checks for Problems 1, 2, and 3 are shown in Fig. 7.

Example 3 Evaluating an Exponential Function
For f(x) = 64%, g(x) = 3(16)%, and h(x) = —5(9)*, find the following.

v i) )

Solution

Z
L f (“) — 6477 = (6417 =42 = 16

3

2. g () =3316%* =3(16'4) =32° =3 .8 =24

i j;/,'ﬂ/u "'5 _ 5
3. h <m§> —5(9)" " =512 = "3 B
Properties of Rational Exponents

The properties of exponents that we discussed in Section 4.1 are valid for rational
exponents.
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178 CHAPTER 4 Exponential Functions
]
: ; 2. Subtract exponente: — = &7
If 7 and n are rational numbers and b and ¢ are any real numbers for which n
b", and ¢" are real numbers, then Subtract.
. mpn .. pm+n ,
bTb" = b Product property for exponents Write powers eo exponents are positive:
Hm = . i
. — = P b #£0 Quotient property for exponents b= o
b Raise numerator and denominator to
. N R isin ; = n n
(bc)t = b"¢ Raising a product to a power it power: ‘\ _ v
N b ¢ /f &
* | =) =—, ¢c#0 Raising a quotient to a power ey -
c ch _ b1 = (B 7Y multiply exponents: o
* (bm)n = pm Raising a power to a power (b)) = p™" &
= .-f
22 f .
= — 32'/% = 2; multiply. i
b4
We can use properties of exponents to help us simplify expressions invo 4
rational exponents. = " Simplify. Z
b
Example 4 Simplifying Expressions Involving Example & Simplifying an Expression Involving
Rational Exponents Rational Exponents )
Simplify. Assume that b is positive. 31 béczo) 172
2/7 Simplify ————————. Assume that b and ¢ are positive.
613/2 b 12,912/3
1. (4b ) 2. —— (27b c9)
b—3/7
Solution Solution
1. (4b6)ﬂ¢ = ) ' Ralse factors to nvh power: (be)” = b"¢” (81196520) e 81!/2 (bé) e (CZO) Ve o
3 e s = N o Raise factors to a power: (bo)" = b¢"
(41/2)‘ b1z pm/n = (577 mutsiply exponente: (b7)" = b (27[?126‘9)2513 272/3 (]912)“/3 (69>”/V
1 1
= 23199 4% = Z; multiply. _ 9b6'§c20'§ gil/2 . o pr/n {bi,!n}m; multiply
9 T - 2 . o B
= 8b Simplify. (271/3)2[)12.%69.? exponente: (b)) = pM"
pHT 0 m 9b310
2, ——e = BTV Subtract exponente: — = b7 " = 27'/% = 3; mulsiply.
p—3/7 p" 32586
=pit7 Simpitty.
piify 9p=3c4 P -
= p/7 Add. = Subtract exponents; — == b7 " o
9 b f;f- :
A Write powers so exponents are positive: xﬁ%‘;
Y e L ‘ .
bS L & .

i
o

Exampie & Simplifying Expressions involving
Rational Exponents

group exploration

Simplify. Assume that b is positive.

o\ 2/5 ,
L p23p1/2 5. 3;2  Looking ahead: Graphical significance of a and b for y = ab*
ol : quatibri,s thhé form y = b* inorder, and describe
otufion i
‘. and y=5"

If you want a better set Ymin = 0. To change window settings, see

“Section B7 ‘

1. p2PpY2 = pits Add exponents: bTb" = b
=bste  Find common denominator.

= /6 Add.
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amd yooet

ormv a(1.1)¥ in order, a

and y=5(1.1)"

he equations

ALY, and y = =5(1.1)

If you work an exercise by referring to a similar example in your notebook or in
the text, try the exercise again without that help. If you need to refer to your source
of help to solve the exercise a second time, try the exercise a third time without
help. When you complete the exercise without help, reflect on which concepts you
used to work the exercise, where you had difficulty, and what key idea opened the
door of understandmg for you. You can use a similar strategy in getting help from
another student, an instructor, or a tutor.

- If this sounds like a lot of work, it is! But this work is well worth it. Although
it is important to complete each assignment, it is also important to learn as much
as possible while progressing through it.

, = 1.1). Graph more equauons O
, ab"f until you axe conﬁdent that you know the graphical signific
tants a nd b for an;y poss;ble comb namon ot values of d an

Student Solutions Manual PH Math/Tutor Center MathXL® MyMathLab

implify without using a calculator. Then use a graphing calcula- ~ 39. Without using a calculator, complete Table 6 with values of
or to verify your result. [Graphing Calculator: Instructions for the function f(x) = 16*. Then use a graphing calculator to

MR Progs m E n , ] verify your resulfs.

161/2 2. 27173 3. 100073

3215 5. 491/2 6. 811/4 o
7.1251/3 8. 641/6 9, 84/3 3 1
. 16374 11. 93/2 12. 6423 4 4

322/ 14. 274/ 15. 452 “‘]2‘ :
813/4 17. 277113 18. 1671/4 : 5

~36~1/2 20, —3271/3 21, 475/2 T3 1

9-3/2 23, (=27)~%/3 24, (=32)73/°5 0 !

implify m'/ithout using a calculator. Then use a graphing calcula- 40. Without using a calculator, complete Table 7 with values of
rto verify your resull. the function f(x) = 64*. Then use a graphing calculator to

L 21740374 26. 37/533/5 27. (31 /223/2)2 verify your re;sults.
71/3 54/3 '

30, —
7-5/3 51/3

8. (22/351/3) 29.

Wl B WO R OV A

P fx) = 81%,g(x) = 427V, and h(x) = ~2(4), find the

L, ;{2) 32. f(é) 33. g(%)

E‘~coofd,ina’tes, of each fu

|

3)% choosmg yet another

o
(N2
N’
(93]
o
[
/’"”\
3]
N’
o
&
oo
/’T\
[
N’
|

= abb
suggest that your respon
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Simplify. Assume that b and ¢ are positive. ; Let n be the number-of countries participating in the Win rgséaé’eﬁ Review flx) = 7(4)r you': could say “f(x) = T&@* is an: exponential
< . L .Olympies atr yearssince 1900. The situation can be descri =8 S(r) = &% function.” Rt
7/61.5/6 1/51,3/5 > or f(x) x and g(x) = § ﬁnd the followin
41 b7 . 4.0 o by the linear function n = 0.817 — 9.41 and the exponen | 4 J & 3
43. p3/5p—13/3 44. b2/7b"6/7, ’ , function n = 10.1(1.02)". 7. [ (_«) , 78. f (_) Ll 85. Graph f(x) = —x — 4 by hand.
45. (16178)1/4 46. (27})27)1/3 ’ o a. Use a Vgra’phingealculatcr to dra.w the‘graphs of the t . 3 3/ . P 86. Solve
, functions, and, in the same viewing window, the scat ; 4 SN DN ’
47. 4(25178(7'4)—1/2 48. —(85‘6c’z>f2/3 ) ;ratm ((?)f‘ the data. Which function describes the situat 80. 2 3 81. f “3) =5 ) P = %x Ly
etter? ,
3/5 . —1/4\ (p2/5 .~T/4 —4/3 _1/2\ (},~2/3 .~3/2 : 1\ QN R R , IR
49. (b 3¢l )(b /3¢ ) 50. (b 134/ )(b 3¢e=3/ ) b. Use the expopentlal model to predict the number of col g3, o —- 84. o —= T, iy —lx 43
s s N o . tries-thatw icipate in the 2010 Winter Olympics, 3 3/ . ) ’ 4"
51. (Sbed)'? (5bed)Y 52. (6bc ) (617 ) , c. Use the exponential model and “intersect” on a graph : . . " Functi ‘ ) ::unz G h o ' S
737520 8\7 174 N27,0 oyl calculator to estimate when 42 countries participated in Expressions, Lquations, Func Qﬂi; and: FEpNS Lo 'f(x) B §x 4 Find x when /() — 5
53. [(3[7 ) (31) ¢ ” 54. [(4[’ ) (b ¢ )} , Winter Olympics. [Hint: Graph the model and the he Perform the indicated instruction. Then use words siich as-lingar, ) : g ’
b‘2/scn,/8 R | sontal nn’e:n' =42] : gx,ponential3 function,.one variable, a(?d two Yariables to. des"’c’rz:b:e 88. Solve % A= i ‘43
53, 56. : 72. The numbers of high school students who take college- he expression, equation, or system. For.instai describe STy 4
bI8/5c=5/8 bm1dcm12 courses and test for credit are shown in Table 9 for vari
o2\ 12 166122\ 7173 years.
57. (2____) 58, (____5_
-5 .4 P
b 2 %&é‘%@%%%@@ %%?@%%ﬁ%@?éﬁ& ?ﬁ%@%‘i?é@&%%
1/51,3/712/5 1/45,1/4,1/3
59. 32'°p7p 60. 16'/7b'/%D Objectlves
p3/6 p2/3 5
61. 62. : Sketch the graph of an exponentlal functlon
pl/4 b7 Ak Who Test for Credit 4 Know the graphical significance of a and b for a function of the form f (x) = ab*.
(%5)3/ 2 (32193)3/ > Year) v st (thousands) ¥ Know'the base multiplier property, the increasing or decreasing property and the
63— 64. 1963 : 218 reflection property. SCHEE i
(27,74)2/3 (165 3 ; 1970 55.4 -
1977 82.7 : .
gp2/3 3/2 Y7p1/3 0314 4/3 1984 1774 Recall from Section 4,1 that an exponential function is a function whose equation can
65. < p 5) 66. < i ) ;gg; 222; be put into the form f(x) = ab”*, where ¢ #'0,b > 0, and b # 1. In this section, we
264 8b~ 2005 12000 discuss how to use the values of ¢ and b to help us graph an exponential function.
(8b)'? (10005~7¢8)* '
67, s 68, 7 Source; The College Board
5 3374 15,413/ Graphing Exponential Functions
(8117 ¢ ) (32b ¢ ) Let n be the number (in thousands) of high school stude pIng P
69, 0I5 (555 1 11%) 70. ¢ (e 85, 5/3) who take college-level courses and test for credit in the When graphing a certam type of functlon for the first time, we often begin by finding
) ) that is ¢ years since 1960. The situation can be describe outputs for integer: mputs near Zero e
71. The numbers of countries that have participated in the Winter the linear function n = 25.36¢ — 246.99 and the CXPOHC SETR . . .
Olympics are shown in Table 8 for various years. function 7= 18.36(1.098)". Exampie T Graphing an Exponential Function with b > 1

a. Use a graphing calculator to draw the graphs of the
functions and, in the same viewing window, the sc
gram of the data: Which function describes the situ
better?

b. Use the exponential model to predict the number of §

Graph f(x) = 2% by hand.

Get moving—the
games are in

How am I supposed ]
f Solution

First, we list input-output pairs of the function f in Table 10. Note that as the value

Year

dents who will take college-level courses and test for ¢
in 2011.

Use the exponential model and “intersect” on a
ing calculator to estimate in which year 1000
~school students took college-level courses and teste
credit. . [Hint: Graph the model and. the horlzontal
n =1000.]

We can represent V/5 by 512, Explain.

C

-

3
ad

74. To useia.graphing calculator to find that 16!/ 2 =4, we

16 -. D D If we omit the parentheses, we ge

incorrect result 8. Explam why

1924
1948
1968
1988
2006

Source: The Complete Book of the Winter Olympics eXpréss .

mtlon or pmperty WIH heip you mmphfy a g

of x increases by 1, the value of -y is multiplied by 2 (the base).

Next, we plot the solutions from Table 10 in Fig. 10 and sketch an mcreasmg curve
that contains the plotted points. The graph shows that as the value of x increases by 1,
the value of y 1s doubled




